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Fixed point iterations for non-expansive maps and their
applications to constrained minimization and feasibility
problems in Hilbert spaces

HUDSON AKEWE !, BABATUNDE A. SAWYERR?, AND EBUNOLUWA P. FASINA®

ABSTRACT. The purpose of this paper is to introduce some fixed point iterative schemes and prove that they
converge faster than other iterations in the literature. This paper introduces three novel modified multistep
iterative schemes (A), (B) and (C). Fixed point theorems are proven with these newly introduced multistep
iterative schemes for the class of contraction mappings with fixed point p = T'p and non-expansive mappings
respectively. The rate of convergence was demonstrated numerically with the help of Python programs and
the results showed that our modified iterative scheme (C) converged in lesser number of iterations than existing
iterative schemes in the literature. With the help of well constructed theorems, these modified multistep iterative
schemes were applied to constrained minimization and split feasibility problems for the class of non-expansive
mappings in real Hilbert spaces.

1. INTRODUCTION AND PRELIMINARIES

Fixed point equations are related to a lot of physical problems in applied sciences and
related fields that can be written as functional equations. It is always of interest to con-
struct iterative schemes that can approximate the unique solution of the fixed point equa-
tions with lesser number of steps. Fixed point equations have vast applications in con-
strained minimization and split feasibility problems in Hilbert spaces. It is vital to employ
faster iterative schemes to obtain solution of nonlinear functions, especially those that can
be applied to real life situations like constrained minimization and split feasibility prob-
lems. Most of the papers from the present list of references presented in this work dealt
with fixed point problems in Hilbert, normed and metric spaces. Some very important
classes of fixed point results are the contractive-type ones. Several convergence, rate of
convergence, equivalence, data dependence theorems and optimization related problems
were stated and proved in framework of Hilbert and Banach spaces and a huge literature
is devoted to them, for details, see ([1], [2], [3] - [25], [26], [27], [28], [29], [30], [31], [32]).

The purpose of this paper is to introduce some fixed point iterative schemes and prove
that they converge faster than all of Thakur et al [31], Abbas and Nazir [1], Noor [16],
Agarwal et al [2]., Ishikawa [13], Khan [14], Mann [15] and Picard [27] iterations.

We present some related definitions and Lemmas to our work as follows:
Let H be a Hilbert space, I' : H — H a nonlinear mapping. The set of fixed points of T’
denoted by F(T)is F(T) ={x € H : Tz = z}.
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Definition 1.1. [1] Let H be a real Hilbert space. A mapping T’ : H — H is said to be an
averaged mapping if and only if T can be written as the average of the identity and a nonexpansive
mapping, that is , T = (1 — a)I + &S, where o € [0,1] and S : H — H is a nonexpansive
mapping.

Definition 1.2. [1] Let H be a real Hilbert space and C' be a nonempty, closed and convex subset
of H. A mapping T : C' — C' is said to be demi-closed at 0, if for any sequence {x,,} C C which
converges weakly to x and limy, o0 ||Tn — Ty || = 0, then Tax = .

Definition 1.3. [1] Let H be a real Hilbert space and C be a nonempty, closed and convex subset
of H. Amapping T : C — C'is called:

(i) nonexpansive if |Tx — Ty|| < ||z — y||, Yz,y € C.

(it) quasi nonexpansive if F(T) # 0 and | Tz — z*|| < ||a — 2*||, Vz € C, z* € F(T).
Definition 1.4. [1] Let H be a real Hilbert space and C' be a nonempty, closed and convex subset

of H. Let T : C — H be a nonlinear operator, then T is called:
(2) a monotone operator if < Tx — Ty, x —y >> 0,Va,y € C.

(1) a \— strongly monotone operator if there exists A > 0 such that
<Tx—-Ty,x—y> > Mlz—y|? Vz,yeC.

(#4i) B — ism (S— inverse strongly monotone) if there exists a constant § > 0 such that <
Tx—Ty,x—y>> p||Tx —Ty|?, Yo,y € C.

(1v) pseudo monotone if < Tx,y —x >> 0=><Ty,y —x >> 0, Vz,y € C.

(v) quasi-monotone if < Ty, x —y >> 0=>< Tx,x —y >> 0, Yo,y € C.

In 1922, Stefan Banach employed contraction condition to obtain unique fixed point
in the celebrated Banach contraction principle which is remarkable in its simplicity, but
it is perhaps the most widely applied fixed point theorem in all of analysis with special
applications to the theory of differential and integral equations. Let X be a complete
metric space and T : X — X a self-map. T is called:

Banach contraction mapping if there exists ¢, satisfying § € [0, 1) such that

(1.1) d(Tz,Ty) < dd(x,y), Yo,y € X.
In the framework of Banach space, we have the following definitions: Let £ be a Banach

space and T' : E — E a self-map. T is called an L—Lipschitzian mapping if there exists a
constant L > 0 such that

(1.2) |72~ Tyl < Liz—yll, va,y € B.

T is called a Banach contraction mapping if there exists L = §, satisfying 6 € [0,1) such
that, (1.1) becomes

(13) [Tz =Tyl < dfz—yll, vo,y € E.

T is called a nonexpansive mapping if there exists L = § = 1, in which case, (1.3) becomes
(1.4) [Tz =Tyl < [lz—yl, Yo,y € E.

T is called Zamfirescu mapping if there exists ¢ € [0, 1) such that

(15) |72 =Tyl < dllz—y| +26]lx — Tal, Va,y € .

In 1972, Zamfirescu [32], generalize the Banach fixed point theorem using the following
contractive condition (1.3).

T is called Osilike mapping if there exists 6 € [0,1) and L > 0 such that
(1.6) [Tz =Tyl < dllz—yl+Llz—Ta|, Yo,y € E.
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Osilike [23] proved several stability results using contractive definition (1.6).

T is called contractive-like mapping if there exists 6 € [0,1) and a monotone increasing
function ¢ : Rt — R with ¢(0) = 0 such that

(17) [Tz =Tyl < dllz =yl + ¢(lz = Tz[]), Yo,y € E.

Let Fr denote the set of all fixed point of T Thatis, Fr = {p : p = Tp}.
In 2003, Imoru and Olatinwo [12] proved some stability results using the general contrac-
tive definition (1.5).

Bosede and Rhoades [9] made the following assumption to obtain a general class of
mapping and proved fixed point theorem for Picard and Mann iterations. Thatis, if z = p
(is a fixed point) and ¢ € [0, 1) then, (1.3), (1.5), (1.6) and (1.7) becomes

(1.8) lp =Tyl <dllp—yll, Yo,y € E.

Chidume and Olaleru [10] gave examples to show that the class of mappings satisfying
(1.8) is more general than that of (1.3), (1.5), (1.6) and (1.7) provided the fixed point ex-
ists. The authors [10] also proved that every contraction map with a fixed point satisfies
inequality (1.8) in the following example:

Example 1.1. Let E = o, B :={z €l : ||z|| < 1} andlet T : E — B C E be defined by
Tx = 11 5 (0, xl,zg,xg,...) if |20 <1,

Tx = W(O 23, 23,23, ...), if |20 > 1 for 20 = (21,22, 23,...) € loo-

Then T'p = p, if and only if p = 0.

We compute as follows:

1Tz — pllo = 1110, $1,x§,m3,-~ )Iloo, ifllz)l <1,

|72 plloc = an 23,2322, ), f 1zl oo > 1, s0 that

1T = plloo = Hl2ll2 < Fll2loo, i l2floo < 1,

|1 T2 — plloe = 11 1, if ||z]|so > 1. Hence, we obtain that

Tz — plloo = %Ilm — Dlloo, for every z € Lo, p = 0.

Thus, T satisfies contractive condition (1.6). But the map T is not a contraction. To see this, take
x*(i,i,i,...) y*(%,%,é,...) Then, 5

HCL‘ - yHOO = HT:C TyHOO = H( ) 16’ 1(,7" )HOO = .

Suppose there exzsts Jeo,1) such that || Tz — Ty|leo < 6\|x — yl|oo for every x,y € E, then we
must have % <9 § which yields that 6 > fgg > 1, a contradiction. So, T is not a contraction
map.

Let I be a Banach space, C' a closed convex subset of Fand 7" : C' — C a selfmap of C.
Then,
the Picard [27] iterative scheme {z,,}22,; C C is defined by:

(1.9) x1 € C,
Tpt1 =Txn, n=12,...,

the Mann [15] iterative scheme {z,,}72; C C is defined by:
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(1.10) x1 € C,
Tn+l = (]— - an)‘rn +apTe,, n=12,..,

where the sequence {«,,}52; C (0,1).
the Picard-Mann hybrid [14] iterative scheme {z,,}32; C C is defined by:
(1.11) x1 € C,

Tnt1 = TYn,

Yn = (1 —an)rn +anTan, n=12,..,
where the sequence {«,}52; C (0,1).
the Ishikawa [13] iterative scheme {x,,}52; C C'is defined by:
1.12) 21 € C,

Tn+1 = (1 - O‘n)xn + OénTym
Yn = (1 — B,ll)acn + B,llTxn, n=12 ..,

where the sequences {a,, }2°,, {81}, C (0,1).

n=1»

the Agarwal et al. [2] iterative scheme {x,,}72; C C is defined by:

(1.13) 21 €0,

Tnt1 = (1 — ap)Txy + anTyn,

Yo = (1= BL)xy + B TTn, n=1,2, ...,
where the sequences {a,, }22,, {81152, C (0,1).
the Noor [16] iterative scheme {z,,}>2; C C is defined by:
(1.14) 21 € C,

Tnt1 = (1 — )2y + anTyn,

Yn = (1 — /B’Ill)xn + 5111T2n7

2n = (1= Bz, + 2T, n=1,2,...,
where the sequences {a, }72 1, {8, 1721 {87152 € (0,1).

the Abbas and Nazir [1] iterative scheme {z,,}72; C C' is defined by:
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(1.15) x1 € C,
Tpt1 = (1 — an)Tyn + anTzp,
Yn = (1= BTy + BaTzn,
2 = (1= )y + 2Tz, n=1,2,...,

where the sequences {a,, }2° ,, {81}, {82122, C (0,1).

the Thakur et al. [31] iterative scheme {x,,}52; C C is defined by:

(1.16) x1 € C,
Tpt1 = (1 — o) Txy + nTyn,
Yo = (1= BL) 2 + BMT20,
2y = (1= B3, + BT, n=1,2,...,

where the sequences {a, }52,, {812, {82152, C (0,1).

The following Lemmas will be needed in proving the main results.

Lemma 1.1. Let ¢ be a real number satisfying 0 < 6 < 1 and {e,}32, a sequence of positive
numbers such that lim,, o€, = 0, then for any sequence of positive numbers {u, }52, satisfying
Upy1 < OUp + €5, 1=0,1,2,..., we have lim, oty = 0.

Lemma 1.2. Suppose that E is a uniformly convex Banach space and 0 < ¢ < t, < p <1
Vn € N. Let {z,}52, and {y,}52, be two sequences of E such that limsup,_eo||Tn| < 7,
limsupp—oo||ynll < 7 and limyoolltn®n + (1 — tn)ynll = 7 hold for some r > 0. Then
limn—)ocnxn - UnH =0.

Lemma 1.3. Let E be a uniformly convex Banach space and let C' be a non-empty closed convex
subset of E. Let T be a nonexpansive mapping of C' into itself. Then I — T is demiclosed with
respect to zero.

2. MAIN RESULTS 1

2.1. Convergence Results For a General Class of Map in Banach Spaces. In this sec-
tion, we introduce three types of modified multistep iterative schemes and prove strong
convergence fixed point result for a general class of map.

Let E be a Banach space, C a closed convex subset of £ and T' : C' — C a self-map of
C'. Then,
the modified multistep iterative scheme (A) {z,,}22,; C C is defined by:

(2.17) z, € C,
Tpy1 = (1 — ap)Tan + anTyl,
= (1= B)zn + BTy i =12, k=2,
et =1 -k Y, + M2, k=2,3,...,n=1,2,...,

n

where the sequences {a,, }2° |, {8}, C (0,1), for (i = 1,2,....,k — 1).
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The modified multistep iterative scheme (B) {z,}52; C C is defined by:
(2.18) 1 € C,
Tpy1 = (1 — ap)Txy + o, Tyl
Yo = =By + BTy i =12, k=2,
Yyl = (1= B o, + B Ty, k=2,3,...,n=12,...,
where the sequences {a,, }5° 1, {81}, C (0,1), for (i = 1,2, ...,k — 1).
The modified multistep iterative scheme (C) {z,}22, C C is defined by:
(2.19) z, € C,
Tni1 = (1= an)Ty, + an Ty,
U= (L= By + B, Ty i=1,2,.. k-2,
gyl =1 - Y, + 8 T, k=23, n=1,2,...,

where the sequences {a;, }5° 1, {B8. 152, C (0,1), for (i = 1,2, ...,k — 1).
We will now prove our main results using iterative schemes (2.17), (2.18) and (2.19) as
follows:

Theorem 2.1. Let E be a Banach space, C a closed convex subset of E and T : C — C a selfmap
of C with a fixed point p satisfying the condition
(2.20) lp =Tyl < dllp = yl, Yo,y € C,

for some § € [0,1). For x1 € C, let {x,}22, be the modified multistep iterative scheme (A)
defined by (2.17), where the sequences {cv, }5° 1, {85152, C (0,1), for (i = 1,2,...,k — 1). Then
{zn}52, (2.17) converges strongly to the unique fixed point p of T.

Proof. In view of (2.17) and (2.20), we have

(2.21) |Zn+1 —pll = [[(1 —an)Tan + anTyrll —pll

(1 = an)||Tn — pll + anl| Ty, — p
6(1 — an)llzn —pl + 50‘n||yrlp -l

VANVAN

222) |y —pll < (1 =B)llwa —pll + BulTys — pll
< (1= By)llzn —pll + 684 lyn — pll
< (1= B)llzn = pll + 86,11 = B2)llzn — pll + 663 1y — ol
= [(1=8y) +68,(1 = B)Mzn — pll + 6° BBy — pll-
(2.23) lyn —pll < (1= B)llen — pll + 683 lyn — pll.
(2.24) lyn =2 =pll < (1= B57)llzn = pll + 0852 lyn~" — ol
(2.25) lyn ™ =pll < (=B Yllzn = pll + 685 lzw —pl

=[-8, + 08,z — .
Substituting (2.22) to (2.25) in (2.21) and simplifying, we have
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(226) zps1 —pll < 01— (1= DanBuBasn - By 2By lan — pll

< J] 00— = NomB B85 .. B 285 e — pll-

m=1
Applying the conditions 0 < § < 1, a,, 82 € (0,1) fori = 1,2,3,....,k — 1in (2.26), it
result that lim,, o ||€n+1 — pl| = 0. O

Theorem 2.2. Let E be a Banach space, C a closed convex subset of E and T : C' — C a selfmap
of C with a fixed point p satisfying the condition
(2.27) lp = Tyll <dlp—yll, Vz,y € C,

for some & € [0,1). For 1 € C, let {x,}52, be the modified multistep iterative scheme (B)
defined by (2.18), where the sequences {cu, }52 1, {85152, C (0,1), for (i = 1,2,...,k — 1). Then
{zn}52, (2.18) converges strongly to the fixed point p of T.

Proof. In view of (2.18) and (2.27), we have

(2.28) [ns1 —pll = (1= an)Tz, +anTy,, —pl|
S (1_an)||Txn_pH +an||Ty71L_pH
< 61— an)llen — pll + damlly,, — pll-
(2.29) lyn —pll < (L=8Dllvz —pll + BMITy: — pl
[1— B+ 6B8ulllys — pl|-
(2.30) ly2 —pll < [1-82+682y2 —pll.
(2.31) ly —pll < [1—83+068]ys —pll-
(2.32) lyk=2 —pl < [1=BE 2+ 08 2y —pll.
(2.33) lys=" =pll < (1=BYlzn —pll + 085 lon — pll

= [1—- 857" + 685 llzn — pll.
Substituting (2.29) to (2.33) in (2.28) and simplifying, we have
234) oy —pl < 01— an +on[(l—(1-8)8,)(1 = (1-6)87)
(1-(1=8)p)...(1=(1=8)8")
(1= =38)8y Yllllzn —pll

n

< [l = am + am[(1—(1=0)8,)1 - (1—-06)52)
(1—(1-0)83)...(1—(1=0)B572)
(1= (1 =885 Ml — pll.

Applying the conditions 0 < § < 1, a,, 85 € (0,1) fori =1,2,3, ...,k — 1in (2.34), it result
that lim,, o0 ||Zn+1 — || = 0.
That is, {x,,}52; in (2.18) converges strongly to the unique fixed point p of T'. O
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Theorem 2.3. Let E be a Banach space, C a closed convex subset of E and T : C — C a self-map
of C with a fixed point p satisfying the condition

(2.35) lp —Ty| <dllp—yll, Yo,y € C,

for some 6 € [0,1). For z1 € C, let {x,}>2, be the modified multistep iterative scheme (C')
defined by (2.19), where the sequences {cu, }5 1, {85152, C (0,1), for (i = 1,2,...,k — 1). Then
{zn}22, (2.19) converges strongly to the fixed point p of T

Proof. In view of (2.19) and (2.35), we have
(2.36) [zt =l = 11— an)Ty, + anTy, —pll

< (L=a)|I Ty, = pll + anl| Ty, — o
< 0(1—an)llys — pll + dan |y, — D
= 6y, —pl.
(2.37) lyn —pll < (L=8)I2pl + BLITy; — p
= [1-8L+8! vz —pll
(2.38) lyz —pll < [1=582+082lvs - pll.
(2.39) ly2 —pll < [1—82+683] s —pll.
(2.40) lyh ™2 —pll < [1—BE 246852 lyb" —pl.
(2.41) lyb=' —pll < (1 =B8"lan —pll + 08" ||zn — pll

=[1 =837+ 08y Nz — .
Substituting (2.37) to (2.41) in (2.36) and simplifying, we have
(242)  lzper —pll < S[L—(1=8)8N)BuBA5 - By By Hlwn — ol

n

< 1‘[51f 0)8" 21 BB - B2 BNl — .

Applying the conditions 0 < 6 < 1, 8, € (0,1) fori = 1,2,3,...,k — 1 in (2.42), it result
that lim,,—, o0 || Zn+1 — p|| = 0.

That is, {x, };2, in (2.19) converges strongly to the unique fixed point p of T'. O

Theorem 2.4. Let E be a Banach space, C' a closed convex subset of E and T : C — C a self-
map of C with a fixed point p satisfying the contractive condition (1.8) for some 6 € [0,1). For
x1 € C, let {x,}22, be the Thakur et al. iterative scheme defined by (1.16), where the sequences
{an 351, {8n )01 {22y C (0,1). Then {x,}32, (1.16) converges strongly to the unique
fixed point p of T

Proof. The method of proof of Theorem 2.4 is similar to that of Theorem 2.3. The final
result is

(2.43) a1 —pll < 8[1 = (1~ 0*)]anBanllzn — 2l

m=1
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Applying the conditions 0 < § < 1, a, Bn v € (0, 1) in (2.43), it result that lim,, o0 ||@n+1 —

pl[ =0.
That is, {x,,}52; in (1.16) converges strongly to the unique fixed point p of T'. O

Theorem 2.5. Let E be a Banach space, C a closed convex subset of E and T : C — C a self-
map of C with a fixed point p satisfying the contractive condition (1.8) for some § € [0, 1). For
x1 € C, let {x,}52, be the Abbas et al. iterative scheme defined by (1.15), where the sequences
{an o1, {83521 {m oz, € (0,1). Then {x,}5%,; (1.15) converges strongly to the unique
fixed point p of T

Proof. The method of proof of Theorem 2.5 is similar to that of Theorem 2.3. The final
result is

(2.44) ||33n+1 —p|| < 5[1 - (1 - 5)]04n/8n7n||xn - pH
< H 6[1 = (1 = 6)]amBm¥mllz1 — |-
m=1

Applying the conditions 0 < 0 < 1, a, B, v € (0, 1) in (2.44), it result that lim,,_, o0 ||Zr41—

pl| = 0.
That is, {z, };2, in (1.15) converges strongly to the unique fixed point p of T'. O

Theorem 2.6. Let E be a Banach space, C' a closed convex subset of E and T : C — C a
self-map of C with a fixed point p satisfying the contractive condition (1.8) for some § € [0,1).
For z1 € C, let {x,}52 1 be the Noor iterative scheme defined by (1.14), where the sequences
{an o2, {6n o {2, € (0,1). Then {x,}22, (1.14) converges strongly to the unique
fixed point p of T

Proof. The method of proof of Theorem 2.6 is similar to that of Theorem 2.1. The final
result is

(245) [lzp —pl < 1= (1 =8)an — (1= 8)danfn — (1 = 0)0%anBuynlllzn — pll
< [1 —(1- 5)520%6717%”‘1'71 - p||

< Tt - -8)8ambuymllzr — pll.
m=1

Applying the conditions 0 < 0 < 1, au, B, Y € (0, 1) in (2.45), it result that lim,,_, o0 ||Zr41—
pl =0.
That is, {x,,}52; in (1.14) converges strongly to the unique fixed point p of T.. d

Theorem 2.7. Let E be a Banach space, C a closed convex subset of E and T : C — C a of
C with a fixed point p satisfying the contractive condition (1.8) for some § € [0,1). For z1 €
C, let {x,}o2, be the Agarwal et al. iterative scheme defined by (1.13), where the sequences
{an}22 1, {Bn}22, € (0,1). Then {x,}52 (1.13) converges strongly to the unique fixed point p
of T

Proof. The method of proof of Theorem 2.7 is similar to that of Theorem 2.2. The final
result is

(2.46) [Zne1 —pll < O8[1 = (1= d)anBulllzn — pll

n

< [l o0 -~ dampulllzr —pl.

m=1
Applying the conditions 0 < 6 < 1, vy, B, € (0,1) in (2.46), it result that lim, o ||Zn41 —
pll=0.
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That is, {z, }5;2, in (1.13) converges strongly to the unique fixed point p of T". This ends
the proof. O

Theorem 2.8. Let E be a Banach space, C' a closed convex subset of E and T : C — C a
self-map of C with a fixed point p satisfying the contractive condition (1.8) for some ¢ € [0,1).
For xy € C, let {x,,}22, be the Ishikawa iterative scheme defined by (1.12), where the sequences
{an 3521, {8n}52, C (0,1). Then {x,}52, (1.12) converges strongly to the unique fixed point p
of T.

Proof. The method of proof of Theorem 2.8 is similar to that of Theorem 2.1 The final
result is

(2.47) [ni1—pll < [1=(1=08)an — (1 =08)dansnlllen —p
S [1 - (1 - 5)504n6n]||xn - pH

< JIi--d)damBullz —pll.
m=1
Applying the conditions 0 < 6 < 1, a, By, € (0, 1) in (2.47), it result that lim,, oo || Zpt1—

pl| = 0.
Thatis, {x,}52; in (1.12) converges strongly to the unique fixed point p of T'. O

Theorem 2.9. Let E be a Banach space, C a closed convex subset of E and T : C — C a self-map
of C with a fixed point p satisfying the contractive condition (1.8) for some § € [0,1). For z1 € C,
let {x,}5%, be the Picard-Mann hybrid iterative scheme defined by (1.11), where the sequence
{an}5%2, C(0,1). Then {z,}52, (1.11) converges strongly to the unique fixed point p of T.

Proof. The method of proof of Theorem 2.9 is similar to that of Theorem 2.1. The final
result is

(2.48) [Zne1 —pll < 61— (1= d)an]llzn — pll
< JJ o0 -1 -d)amlllz - pll.
m=1

Applying the conditions 0 < § < 1, a, € (0, 1) in (2.48), it result that lim,,_, o ||Zn+1 —pl| =
0.

That is, {x,}52; in (1.11) converges strongly to the unique fixed point p of 7. This ends
the proof. O

Theorem 2.10. Let E be a Banach space, C a closed convex subset of E and T : C — C a self-map
of C with a fixed point p satisfying the contractive condition (1.8) for some § € [0,1). For z, € C,
let {x,, }22, be the Mann iterative scheme defined by (1.10), where the sequence {a, }22, C (0, 1).
Then {x,,}7%, (1.10) converges strongly to the unique fixed point p of T.

Proof. The method of proof of Theorem 2.10 is similar to that of Theorem 2.1. The final
result is

(2.49) lZnt1 —pll < [1—(1=d)an]||lzn —pl

10— @a-damlle —pl-
=1

IN

Applying the conditions 0 < § < 1, a, € (0, 1) in (2.49), it result that lim,,_, o ||2n41 —pl| =
0.

That is, {x,}52; in (1.10) converges strongly to the unique fixed point p of T'. O
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Theorem 2.11. Let E be a Banach space, C a closed convex subset of Eand T : C — C a
self-map of C with a fixed point p satisfying the contractive condition (1.8) for some 6 € [0,1).
For z1 € C, let {x,}52, be the Picard iterative scheme defined by (1.9). Then {x,}>, (1.9)
converges strongly to the unique fixed point p of T.

Proof. The method of proof of Theorem 2.11 is similar to that of Theorem 2.1. The final
result is

(2.50) [#nt =pl < dllzn —pll.

Applying the condition 0 < § < 1in (2.50), it result that lim,, o ||zn+1 — p|| = 0.
That s, {z,,}52; in (1.9 converges strongly to the unique fixed point p of T'. O

3. MAIN RESULT II

3.1. Convergence Results for Non-expansive Mapping in Uniformly Convex Banach
Spaces. In this section, we present some convergence fixed point results for the class of
non-expansive mappings in uniformly convex Banach spaces.

We now prove our main results II using iterative schemes (2.17), (2.18) and (2.19) as fol-
lows:

Theorem 3.12. Let E be a uniformly convex Banach space, C a non-empty closed convex subset
of Eand T : C — C a non-expansive self mapping of C satisfying the condition
(3.51) 1Tz =Tyl < [l —yl, Yo,y € C.

For x1 € C, let {x,}22, be the modified multistep iterative scheme (A) defined by (2.17), where
the sequences {a, }° 1, {BL}°, C [e,1 — €], for some € € (0,1), where (i = 1,2, ...k — 1). If
Fr # 0, then limy,_ oo ||Tn, — Txy|| = 0.

Proof. Suppose p € Fr, then applying (3.51) on (2.17), we have

(3.52) lznis =pl = (1= an)Ton + anTy, = pll

(1= o) Tz — pll + anl Ty, — pll
(1= an)l|zn = pll + anllyn — ol

IN A

(3.53) lyn —pll < (L=8M)llzn —pll + BullTya — pll

< (1=B)zn—pll + Billyz - pll-
(3.54) lya —pll < (1=8D)llen —pll + Ballys — pll.
(3.55) lyn —pll < (1= B2)llen —pll + Billyn — pll-
(3.56) lys 2 =pl < (L=BDllen —pll+ B8y 2llys~" = pll.
(3.57) lys ™t =pll < (L=BYllzn —pll+ B Hlan — pll

= |lzn — pl|-

Substituting (3.53) to (3.57) in (3.52) and simplifying, we have
(3.58) [Zns1 —pll < [lon —pll

Thus, lim,, o0 ||Zn+1 — p|| exists. Let lim,, o ||Znt1 — 2| = ¢
Now,
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k—1

(3.59) lyp =t = pll < llwn = pll = limnscosuplly™ —pll < ¢
(3.60) Iy = pll < l|an — pll = limnsoosupllys > —pll < c
(3.61) s = pll < lln — pll = limnsoosupllyy, —pll < e
(3.62) lyz = pll < lln — pll = limnsoosupllys —pll < c
(3.63) s = pll < llan — pll = limnsoosuplly, —pll < e

¢ =limp o0 [|[Tns1 — Pl = limp oo |(1 — ) (T2, — p) + an(Ty. — p)|| holds for some
c> 0.
Thus, by Lemma 1.2,

(3.64) lim [(1 = o) (T2 — Ty, )| = 0.
Therefore,
[2ni1 = pll = [(Tzn — p) + an(Ten = Ty,)|| < Ty = p)|| + anll(Tzn — Ty,
yields
(3.65) Limy sooinf|| Tz, — p).

Tz, — pl| < || T2n — Typll + | Typ — pll < | Txn — Typll + llyn — -

Thus,
(3.66) lim ooin fllyy, — pll-
From (3.63) and (3.66), we obtain
(3.67) liman oo llyl — pll = c.
Also,
1Ty = pll < | Tyn = Typll + 1 Tys = 2l < 1 Tys — Tyall + llyi — 2ll-
Thus,
(3.68) limyoinfly2 — pl-
From (3.62) and (3.68),we obtain
(3.69) lim oo llyn — pll = ¢
Similarly,
1Ty = pll < 1Ty = Tyall + 1 Tyn — 2l < I Ty; = Tyl + llys — 2ll-
Thus,
(3.70) limn ooinf|y2 — pl|.
From (3.61) and (3.70),we obtain
(3.71) Lim—oollys — pll = c.

1Tyn 2 = pll < 1 Tyn~ = Typ 'l + 1Tyn~" = pll < 1 Tys =2 = Tyn I+ llyn~" = pll-
Thus,

(3.72) limy, S ooinf ||y = p|.

From (3.59) and (3.72),we obtain

(3.73) limnoollyy ™" = pll = c.
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Therefore,
c= lim [ly;=" —pl = lim [[(1 =By (@a —p) + By (Tzw = p)|
and by Lemma 1.3, we have the result lim,,_, o, ||T2,, — ]| O
Theorem 3.13. Let E be a uniformly convex Banach space, C a non-empty closed convex subset
of Eand T : C — C a non-expansive self mapping of C' satisfying the condition
(3.74) [Tz — Tyl < ||z — yl|, Vz,y € C.

For z1 € C, let {x,,}22 be the modified multistep iterative scheme (B) defined by (2.18), where
the sequences {a, }52 1, {B.}2, C [e,1 — €], for some € € (0,1), where (i = 1,2, ...,k — 1). If

n=1s
Fr # 0, then limy,— o0 ||xy, — Tz, || = 0.
Proof. The method of proof of Theorem 3.13 is similar to that of Theorem 3.12. O

Theorem 3.14. Let E be a uniformly convex Banach space, C a non-empty closed convex subset
of Eand T : C — C a non-expansive self mapping of C satisfying the condition

(3.75) [Te =Tyl < ||z —yll, Y,y € C.

For zq1 € C, let {x,}22, be the modified multistep iterative scheme (C') defined by (2.19), where
the sequences {cu,, }52 1, {BL}2, C [e,1 — €], for some € € (0,1), where (i = 1,2, ...k — 1). If
Fr # 0, then limy, o0 ||Tn, — Tzy|| = 0.

Proof. The method of proof of Theorem 3.14 is similar to that of Theorem 3.12 . O

Theorem 3.15. Let E be a uniformly convex Banach space, C a non-empty closed convex subset
of Eand T : C — C a non-expansive self mapping of C satisfying the condition

(3.76) 1Tz — Tyl < ||z —y|, Y,y € C.

For z1 € C, let {z,,}2%, be the iterative schemes defined respectively by (1.14), (1.13), (1.12),
(1.11), (1.10) and (1.9), where the sequences {ou, } 521, {Bn}oq, {2 C [6,1 — €], for some
€ (0,1). If Fr # 0, then limy, oo ||zn, — Txy|| = 0.

Proof. The method of proof of Theorem 3.15 is similar to that of Theorem 3.12. O

4. MAIN RESULT III

4.1. Application of Modified Multistep Iterative Schemes to Constrained Optimiza-
tion and Split Feasibility Problems in Real Hilbert Spaces. In this section, we give a
brief explanation of constrained optimization and split feasibility problems in the frame-
work of Hilbert spaces, we will also present the relevance of existence and approximation
of solutions in variational inequalities and prove some useful results using the modified
multistep iterative schemes (A1), (B1) and (C1) for non-expansive mappings.

Let H be a Hilbert space and C be a non-empty, closed subset of H. T': C' — H be a
nonself operator.
Let VI(C,T) represent the variational inequality problem defined by C'and T'. Let (C, T')
be the set of all vectors which solves VI(C,T) problem. Fixed point problem has an
equivalent relationship with VI(C,T) problem in the sense that z* = F,a2* = Po(I —
pI)z*, where z* € C, u > 0is (a constant), P¢ is the metric projection from H onto C' and
F, = Po(I — uT).
The set of all fixed points in the VI(C,T) is defined by

QCT)={a": 2" =Fa*} ={a" : 2" = Pc(I — pT)x"}.
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We now prove the following theorems that deal with variational inequality problem.

Definition 4.5. Let H be a Hilbert space and C' be a non-empty, closed subset of H. T : C — H
be a nonself operator. T is called a contraction if

(477) < Pc(I*MT)SC,Pc(I*,U,T)y > p<zy >, Va,y € C,
where 0 < p < i—’é,L>0,

Definition 4.6. Let H be a Hilbert space and C' be a non-empty, closed subset of H. Let T : C' —
H be an L— Lipschitzian and A\— strongly monotone operator with yu € (0, 24). Let Q(C, T) be
the set of all fixed points in the VI(C,T) problem. The modified multistep iterative scheme (A1)
is the sequence {x,, }5%; C C defined by:

(4.78) x1 € C,

Tpy1 = (1 —an)Po(I — pT)zn + anPo(l — NT)yrlm

Y = (1= Bi)an + B Po(I = pD)y " i = 1,2, k=2,

gl = (1 - Y, + 8P — pT)zy, k=2,3,...,n=1,2,...,
where the sequences {c, }° 1, {85152, C [e,1 — €] for some e € (0,1), for (i = 1,2, ...k — 1).
Definition 4.7. Let H be a Hilbert space and C be a nonempty, closed subset of H. LetT : C — H
be an L— Lipschitzian and \— strongly monotone operator with p € (0, 24). Let Q(C,T) be the

set of all fixed points in the VI(C,T) problem. The modified multistep iterative scheme (B1) is
the sequence {x,,}5%, C C defined by:

(4.79) x1 € C,

Tpy1 = (1 — an)Po(I — uT)xy + anPo(I — pT)y.,

Un = =By + By Po(l — pT)y,", i=1,2,... k=2,

Y = (1= B e + B Pe(l — pT)an, k=2,3,...,n=1,2,...,
where the sequences {cu, }22 1, {85152, C [e,1 — €] for some e € (0,1), for (i =1,2,....,k — 1).
Definition 4.8. Let H be a Hilbert space and C be a nonempty, closed subset of H. LetT : C' — H
be an L— Lipschitzian and \— strongly monotone operator with p € (0, 24). Let Q(C,T) be the

set of all fixed points in the VI(C,T') problem. The modified multistep iterative scheme (C1) is
the sequence {x,,}52; C C defined by:

(4.80) z1 € C,
o1 = (1= an)Pe(l = uT)yy + anPo(l — uT)y,,
Yo = (1= B + BuPo(I = pDyt i = 1,2, k=2,
gl =1 - Y, + 8P - pT)zy, k=2,3,..., n=1,2,...,
where the sequences {c, }° 1, {85152, C [e,1 — €] for some e € (0,1), for (i =1,2,....k — 1).
We now prove the following theorems that deal with variational inequality problem.

Theorem 4.16. Let H be a Hilbert space and C' be a nonempty, closed subset of H. Let T : C' — H
be an L— Lipschitzian and A\— strongly monotone operator with p € (0, %). Let Q(C,T) be the
set of all fixed points in the VI(C,T) problem. Suppose {cu, }521,{BL}152, C [¢,1 — €] for some
e € (0,1), for i = 1,2,....k —1). For x; € C, let {zx,}52, C C be the modified multistep
iterative schemes (A1), (B1) and (C1) defined respectively by (4.78), (4.79) and (4.80). Then,
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(i) the modified multistep iterative scheme (4.78) converges weakly to x* € Q(C,T');
(ii) the modified multistep iterative scheme (4.79) converges weakly to x* € Q(C,T');
(iii) the modified multistep iterative scheme (4.80) converges weakly to «* € Q(C,T).

4.2. Application of Modified Multistep Iterative Schemes to Constrained Optimiza-
tion Problems in Hilbert Spaces. Iterative constrained optimization processes designed
to minimize a convex differentiable function 7" over a closed convex set C' in a Hilbert
space are usually the algorithms for signal and image processing.

Let H be a Hilbert space and C be a nonempty, closed subset of H, Pc the metric
projection of H onto C and let T : C — H be a v — ism where v > 0 is a constant. Then
Pc(I — pT') is a nonexpansive operator provided p € (0, 2v).

The modified multistep iterative scheme (A11) is the sequence {z, }32; C C defined by:
(4.81) 21 € C,

Tny1 = (1 - an)PC(I - VT)CUn + anPC(I - vT)yrlm

yrl =1 =gk Y, + B Po(I - D)2, k=2,3,...,n=1,2,...,

where the sequences {a, }5° 1, {85}5°, C [¢,1—¢] forsomee € (0,1), for (i = 1,2, ...,k—1).

The modified multistep iterative scheme (B11) is the sequence {z,,}52; C C defined by:
(4.82) 21 € C,

Zas1 = (1 — @) Po( = 7T)an + anPo(l — Ty,

= (L= Byt + B Pl =)y, i = 1,2,k =2,
k=l — (1 - gD, + 5P — D)2, k=2,3,...,n=1,2,...,

n

where the sequences {a, }5° 1, {8.}5°; C [¢,1—¢] forsomee € (0, 1), for (i = 1,2,...,k—1).

The modified multistep iterative scheme (C'11) is the sequence {z,,}52; C C defined by:
(4.83) z €C,

Zpi1 = (1= an)Po(l =Ty, + anPe(l = T)yy,

Yo == By + B Pl =Dy, i=1,2,... k=2,

Yt = (1= B e, + B Pe(l = Y T)an, k=2,3,..., n=1,2,...,

where the sequences {a, }52 1, {85152, C [¢,1—¢] forsomee € (0,1), for (i = 1,2,...,k—1).
We shall now present results which generates the sequence of vectors in the constrained
set C' which converges weakly to the optimal solution which minimizes T as follows:

Theorem 4.17. Let H be a Hilbert space and C be a nonempty, closed subset of H. Let T be a
convex and differentiable function on an open set D containing the set C. Assume 7T is an L—
Lipschitz operator on D with p € (0, %) and there exist minimizers of T relative to the set C.
Suppose {can }5° 1, {B5}5°, C [e,1 — €] for some € € (0,1), for (i =1,2,....,k — 1). For x; € C,
let {x,}>2, C C be the modified multistep iterative schemes (A1l), (B11) and (C11) defined
respectively by (4.81), (4.82) and (4.83). Then,

(i) the modified multistep iterative scheme (4.81) converges weakly to a minimizer of T’

(ii) the modified multistep iterative scheme (4.82) converges weakly to a minimizer of T';

(iii) the modified multistep iterative scheme (4.83) converges weakly to a minimizer of T.
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4.3. Application of Modified Multistep Iterative Schemes to Split Feasibility Problems
in Hilbert Spaces. Let SFP(C,T) represent split feasibility problem of C and T. The
SFP(C,T) is to find a point

(4.84) reC: TreQ,

where C and @ are closed convex subsets of Hilbert spaces H; and Hy. The SFP(C,T) is
said to be consistent if (4.84) has a solution.

Find

(4.85) zeC: x=Po(I—~T"(I—Py)T)z,

where Po and Py are the orthogonal projections onto C' and @) respectively with v > 0, T*
is the adjoint of T'. For sufficiently small v > 0 the operator Pc(I —vT*(I — Pg)T) is non-
expansive. The SFP(C,T) is said to be consistent if and only if the fixed point problem
in (4.85) has a solution € C. Iterative constrained optimization processes designed to

minimize a convex differentiable function T" over a closed convex set C in a Hilbert space
are usually the algorithms for signal and image processing.

Consider the minimization problem
(4.86) min ¢(T)gec-

where q(z) = 3||(T — PoT)z||,Va € C, then the gradient of ¢ is /¢ = T* (I — Py)T, where
T* is the adjoint of T'.

V¢ is an L—Lipschitzian with L = || T||? since I — Py, is nonexpansive. Thus, /¢ is T —ism
for any p € (0, 2) I — /¢ is averaged. Therefore the composition Po(I — 57 q) = T is
averaged and the solution set of SFP(C,T) = F(T).

The modified multistep iterative scheme (A111) is the sequence {z,}32; C C defined
by:
(4.87) z1 € C,
Zni1 = (1= an)Po(I = 7 Q)n + anPo(I = 17 @)Yy,
U= (L= Bp)an + BrPe(I —nv @)y, i=1,2,... .k -2,
Al = (1= B Y2, + B P — p7 Qon, K =2,3,...,n=1,2,...,

where the sequences {a,, }22 |, {85152, C [e,1—¢| forsomee € (0,1),for (i = 1,2,...,k—1)
and y € (0, W)

The modified multistep iterative scheme (B111) is the sequence {z,}5>; C C defined
by:
(4.88) z1 € C,
Tni1 = (1= an)Po(I = 17 Q)20 + anPo(l = 117 q)ys,
o= 1= By + B Pl —pv @y i=12,.. k=2,
A=l — (1= B Ve, + B Po(I — u 7 @), k=2,3,..., n=1,2,...,

where the sequences {a,, }52 1, {85152, C [e,1—¢] forsomee € (0,1), for (i = 1,2,...,k—1)
and 1 € (0, 175z)-
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The modified multistep iterative scheme (C'111) is the sequence {z,}52; C C defined
by:
(4.89) z, € C,
Tt = (1= an)Pol — p V7 @)yn +anPe(l — 17 Q)yy,
yn == Byt + B Pe(I —uv gy, i= 1,2, k=2,
Pl = (1= B N, + BT Pl — iy @), k=2,3,...,n=1,2,...,

n n

where the sequences {a,, }2° |, {8122, C [¢,1—¢| forsomee € (0,1),for (i = 1,2,....,k—1)
and p € (0, W)

Theorem 4.18. [1] Let E be a uniformly convex Banach space and let C' be a nonempty closed
convex subset E, T' be a nonexpansive self mappings of C and {x,, }>2, be defined by the iterative
scheme (1.15). Assume that (a) E satisfies Opial”s condition or (b) E has a Frechet differentiable
norm. If F(T) # 0, then {x,,}52_, converges weakly to a fixed point of T.

We now use the iterative schemes (4.87) to (4.89) to find the solution of SFP(C,T) in
the following theorem:

Theorem 4.19. Suppose that SFP(C,T) is consistent. Let {c,}5 1, {8515, C [e,1 — €] for
some e € (0,1), for (i = 1,2,....k — 1), where i € (0, 177z). For 21 € C, let {zn}72y C C
be the modified multistep iterative schemes (A111), (B111) and (C111) defined respectively by
(4.87), (4.88) and (4.89). Then,

(i) the modified multistep iterative scheme (4.87) converges weakly to a solution of SFP(C,T);
(ii) the modified multistep iterative scheme (4.88) converges weakly to a solution of SFP(C,T);
(iii) the modified multistep iterative scheme (4.89) converges weakly to a solution of SFP(C,T).

Proof. Since T' = Pc(I—p</q) is nonexpansive, letp € SFP(C,T). Then, lim,,_, ||z, —p||
exists. We prove that {z,, } has a unique weak subsequential limit in SFP(C,T). Let v and
v be weak limits of the subsequence {z,, } and {z,, } of {x,} respectively.

By Theorem 3.1, lim,,_, o ||, — Pc(I —p v Q)an||=0and I — T =1 — Pc(I —u</ q) is
demiclosed with respect to zero, thus we obtain Tu = Pc(I — 7 ¢)u = u. Similarly, we
can prove that v € SFP(C,T).

Next, we prove uniqueness. Assume « # v, then by Opial condition,

limy, oo |20 — vl = My, oo |20, — ul| < limp, oo |20, — || = limp oo |20 — 0| =
limy,, oo |0, — v|| < limp, o0 [|2n, — u|| = lim, o0 ||, — u||. This is a contradiction, so
u=.

Assume E has a Frechet differentiable norm, by Lemma 1.2, < p — ¢, J(p1 — p2 >= 0 for
P, q € wy(xy). Therefore, ||u — v||> =< u — v, J(u — v >= 0 implies u = v. Thus, (4.87)
converges weakly to a solution of SFP(C,T). This ends the proof.

(ii) The proof of (ii) is similar to that of (i). a

4.4. Convergence Speed of the Various Iterative Schemes in Banach Spaces. In this sec-
tion, we present the convergence speed of iterative schemes (1.9) - (1.16), (2.17) - (2.19).
Let PMann represent Picard-Mann hybrid Iterative scheme (1.11);

Let Agal IS represent Agarwal et al. iterative scheme (1.13);

Let AIS represent Abbas and Nazir iterative scheme (1.15);

Let T'1S represent Thakur et al. iterative scheme (1.16);

Let Mmultistep 1S A represent modified multistep iterative scheme A (2.17);

Let Mmultistep IS B represent modified multistep iterative scheme B (2.18);

Let Mmultistep IS C represent modified multistep iterative scheme C (2.19).
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Theorem 4.20. Let {a,, }7> and {b, }7% be two non-negative real sequences which converge to

a and b respectively. Let J = limy_, %7
(i). if J = 0, then {a,, }5%, converges to a faster than {b, }5°, converges to b;
(ii). if 0 < J < oo, then both {a, }5%, and {b, }5%, have the same convergence rate;

(iii). if J = oo, then {b,, }22, converges to b faster than {a, }>%, converges to a.

Case 1. Comparison of Mmultistep 1S (C) (2.19) and T1S (1.16) gives:

|| €741 (M—multilS(C))—pl||
e (TTS)—pll—~ then

L U= (=85 BB e (MmultiS)(C) —pl]

e §[(1 = (1 = 62)ap B2 |21 (T1S) — pl| '
Thus, the modified multistep iterative scheme (C') (2.19) converges to the fixed point p faster than
Thakur et al. iterative scheme (1.16) to p.

Let J = limp_oo

Case 2. Comparison of Mmultistep 1S (C) (2.19) and AIS (1.15) gives:

|Zn41(M—multilS(C))—p||
lznt1(ALS)—p]| , then

0"[(1 — (1 —9)6"2)p'B28° ... BF2BF ] |y (MmudtiI S)(C) — pl| _
67[(1 = (1= 6))aB 2] |21 (ALS) — p||

Thus, the modified multistep iterative scheme (C') (2.19) converges to the fixed point p faster than
Abbas and Nazir iterative scheme (1.15) to p.

Let J = limp—o0

0.

J = limp—oo

Case 3.Comparison of Mmultistep 1S (C') (2.19) and Noor (1.14) gives:
||En+1‘(M*T;ltil)S(ﬂf)*pl\ then
Tyl oor)—p 4

§"[(1— (1—8)8"—2)B1 8263 ... BF 2P 11" |y (Mmulti IS)(C) — p||
[(1 = (1 = 8)82)a 5t 52]* |21 (Noor) — p]| B

Thus, the modified multistep iterative scheme (C') (2.19) converges to the fixed point p faster than
Noor iterative scheme (1.14) to p.

0.

J = limpooeo

Case 4. Comparison of Mmultistep 1S (C) (2.19) and AgarlS (1.13) gives:

|| €541 (M—multilS(C))—pl|| then

Let J = llmn%oo [Znt1(AgarIS)—pl|

(1 — (1 —6)5%=2)BLa2p3 ... pE=28k—11 ||z (Mmulti 1S)(C) — p|| _
om[(1 — (1 —d))apt]"||z1(AgarlS) — p||

Thus, the modified multistep iterative scheme (C') (2.19) converges to the fixed point p faster than
Agarwal et al. iterative scheme (1.13) to p.

0.

J = limp—oo

Case 5. Comparison of Mmultistep 1S (C') (2.19) and Ishikawa (1.12) gives:
|Znt+1(M—multil S(C))—p|| then
l#nt1(Ishi)—pl| 4

Let J =limy, oo
S7[(1— (1 —6)6F=2)B1 3233 ... pF=28F=11" ||y (Mmulti 1S)(C) — p|| B
(1= (1 =8)02)ap|"||lz1(Ishi) — p|| B

Thus, the modified multistep iterative scheme (C') (2.19) converges to the fixed point p faster than
Ishikawa iterative scheme (1.12) to p.

0.

J = limp_-

Case 6. Comparison of Mmultistep IS (C') (2.19) and PMann IS (1.11) gives:
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|1 (M —multil S(C))—pl|
[[€pn41(PMann)—pl|| , then

0"[(1 — (1 —9)8"2)p'B28° ... BF2BF ] |y (Mmudti 1S)(C) —p|| _
67[(1 = (1 =6))a]*||x1 (PMann) — p -

Let J = limp_ 00

J = limpooso 00.
Thus, the modified multistep iterative scheme (C') (2.19) converges to the fixed point p faster than
Picard-Mann iterative scheme (1.11) p.

Case 7. Comparison of Mmultistep IS (C) (2.19) and Mann (1.10) iterative schemes gives:

Tn M —multil S(C))—
lnia( CEDE

Let J = llmnﬂoo [Zn+1(Mann)—pl|

0"[(1 — (1 —0)6"2)p'B28° ... BF2BF )P |y (Mmudti 1S)(C) —p|| _

(= (L —8))a]" [z (Mann) — p] 0

J = limp—oo

Thus, the modified multistep iterative scheme (C') (2.19) converges to the fixed point p faster than
Mann iterative scheme (1.10) to p.

Case 8. Comparison of Mmultistep 1S (C) (2.19) and Picard (1.9) iterative schemes gives:

|41 (M—multil S(C))—pl|
[|Zn+1(Picard)—pl|| ’ then

Let J = limp_ 00

(1 — (1 —8)8F=2)B 3233 ... pE=28k=117 ||y (Mmulti IS)(C) — p|| _

‘ 0.
[0"] |21 (Picard) — p||

J = limp—oo

Thus, the modified multistep iterative scheme (C') (2.19) converges to the fixed point p faster than
Picard iterative scheme (1.9) to p.

Case 9. Comparison of Mmultistep IS (A) (2.17) and T-1S (1.16) gives:

lln 41 (MmultiIS(A))—p|
Too (T—15) 1 then

o1 — (1= 6% 1))aptp2p3 ... pE2B 1 oy (Mmultil S) — p||
07 [(1— (1 —62))aBtB2] ||z (TIS) — p|| o

Thus, Thakur et al. iterative scheme (1.16) converges to the fixed point p faster than modified mul-
tistep iterative scheme (A) (2.17) to p.

Let J = limp— oo

J =limnp—oo

5. NUMERICAL EXAMPLES

Example 5.2. Let E be the set of real numbers and C = [0,50]. Let T' : C' — C be a mapping
defined by Tz = /2% — 8z + 40 Yz € C. Choose v, = 0.85, B} = 0.65, 32 = 0.45, 33 = 0.25,
4 = 0.05. Let the initial value be x1 = 40 € C, and the fixed point p = 5.0 € C.

We now present the convergence speed of the various iterative schemes under this
study in Figure 1. It is already known in [32] that iterative scheme (1.16) is faster than
(1.9), (1.10), (1.12) to (1.16). We only need to compare iterative schemes (2.17) to (2.19),
(1.11) with (1.16). The fixed point of T" is p = 5 and all the iterative schemes converge to p.

The approximate values of modified multistep iterative scheme (Mmulti IS) (A) (2.17),
modified multistep iterative scheme (Mmulti IS) (B) (2.18), modified multistep iterative
scheme (Mmulti IS) (C) (2.19), Picard-Mann iterative scheme PMannlIS) (1.11) and Thakur
et al. iterative scheme (TIS) (1.16) to their fixed points are shown in Figure 1.
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TABLE 1. The Convergence Speed of the Iterative Schemes on Example 5.2

No. Picard Mann  Picard- Ishikawa Agarwal Noor Abass-  Thakur Mmulti- Mmulti- Mmulti-
Mann Nazir SA SB SC
1 40.0000 40.0000 40.0000  40.0000  40.0000 40.0000 40.0000 40.0000  40.0000  40.0000  40.0000
2 363318 36.8820 33.2450  34.8752  34.3249 33.9816 34.2400 329459 33.1994 32.0321  31.2733
3 327008 33.7905 26.6456  29.8335 28.7529 28.0883 28.5874 26.0697 26.5642  24.3100 22.8544
4 291160 30.7306 202911 249067 23.3290 223812 23.0905 19.4826  20.1921 17.0264  15.0287
5 255893 277091 143649  20.1467 18.1322 16.9736 17.8351 13.4242 14.2849  10.6623 8.6021
6 221381 247348 9.2952  15.6449 13.3147 12.0962 129887  8.4746 9.3072 6.4343 5.4478
7 18.7881 21.8200  6.0360  11.5741 9.1939 82289 89032  5.7280 6.1764 5.1555 5.0238
8 155784 189820  5.0992 8.2639 63717  6.0182 62124  5.0765 5.1712 5.0115 5.0011
9 125722 16.2455  5.0066 6.1737 52434 52517 52065  5.0065 5.0187 5.0008 5.0001

10 9.8733 13.6476  5.0004 5.3185 50298 50576 50253  5.0005 5.0019 5.0001 5.0000
11 7.6483 112443  5.0000 5.0769 5.0034 50130 5.0029  5.0000 5.0002 5.0000 5.0000
12 61082  9.1201  5.0000 5.0180 5.0004 5.0029  5.0003  5.0000 5.0000 5.0000 5.0000
13 53333 73914  5.0000 5.0042 5.0000  5.0006  5.0000  5.0000 5.0000 5.0000 5.0000
14 50772 61733  5.0000 5.0010 5.0000  5.0001  5.0000  5.0000 5.0000 5.0000 5.0000
15 50160 54815  5.0000 5.0002 5.0000  5.0000  5.0000  5.0000 5.0000 5.0000 5.0000
16 50032 51726  5.0000 5.0001 5.0000  5.0000  5.0000  5.0000 5.0000 5.0000 5.0000
17 50006  5.0576  5.0000 5.0000 5.0000  5.0000  5.0000  5.0000 5.0000 5.0000 5.0000
18 50001 50187  5.0000 5.0000 5.0000  5.0000  5.0000  5.0000 5.0000 5.0000 5.0000
19 50000 5.0060  5.0000 5.0000 5.0000  5.0000 5.0000  5.0000 5.0000 5.0000 5.0000
20 5.0000  5.0019  5.0000 5.0000 5.0000  5.0000  5.0000  5.0000 5.0000 5.0000 5.0000
21 5.0000  5.0006  5.0000 5.0000 5.0000  5.0000  5.0000  5.0000 5.0000 5.0000 5.0000
22 5.0000  5.0002  5.0000 5.0000 5.0000  5.0000  5.0000  5.0000 5.0000 5.0000 5.0000
23 5.0000  5.0001 5.0000 5.0000 5.0000  5.0000  5.0000  5.0000 5.0000 5.0000 5.0000
24 5.0000 5.0000  5.0000 5.0000 5.0000  5.0000 5.0000  5.0000 5.0000 5.0000 5.0000
25 5.0000  5.0000  5.0000 5.0000 5.0000  5.0000  5.0000  5.0000 5.0000 5.0000 5.0000
26 5.0000  5.0000  5.0000 5.0000 5.0000  5.0000  5.0000  5.0000 5.0000 5.0000 5.0000
27 5.0000  5.0000  5.0000 5.0000 5.0000  5.0000  5.0000  5.0000 5.0000 5.0000 5.0000

Example 5.3. Let E be the set of real numbers and C = [0,50]. Let T' : C' — C be a mapping

defined by Tx = /22 — 8z + 40 Va € C. Choose o, = B = 82 = B3 = B2 = 0.5. Let the
initial value be 1 = 40 € C and the fixed point p = 5.0 € C = [0,50].

40 A —— Picard
Mann
35 4 —— Picard-Mann
Ishikawa
----- Agarwal et. al.
30 A
..... Noor
—— Abass and Nazir
251 —— Thakur et. al.
= —— Modified Multistep A
20 - —— Modified Multistep B
—— Modified Multistep C
15 A
10 A
5 .

T T T
0 5 10 15 20 25 30 35 40
Number of Iterations (n)

FIGURE 1. Convergence Speed of Fixed-Point Iterative Schemes on Ex-
ample 5.2
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We now present the convergence speed of the various iterative schemes under this study in Figure
2. The fixed point of T is p = 5 and all the iterative schemes converge to p.

TABLE 2. The Convergence Speed of the Iterative Schemes on Example 5.3

No. DPicard Mann  Picard- Ishikawa Agarwal Noor Abass-  Thakur Mmulti- Mmulti- Mmulti-
Mann Nazir SA SB sC
1 40.0000 40.0000 40.0000  40.0000  40.0000 40.0000 40.0000 40.0000  40.0000  40.0000  40.0000
2 363318 38.1659 345153 372577 354236 36.8083 33.1593 345207 34.6420 32.7335  29.1352
3 327008 36.3406 29.1257  34.5371 30.9095 33.6480 26.4817 29.1385 29.3792  25.6736  18.8447
4 291160 345251 23.8704  31.8420 264778 30.5259 20.0639 23.8940 24.2505 18.9625  10.0100
5 255893 327204 18.8168  29.1773  22.1589 27.4507 14.1073 18.8574 19.3222 129216 5.4701
6 221381 309278 14.0903  26.5488  18.0021 24.4344  9.0868 14.1593  14.7143 8.2836 5.0136
7 187881 29.1488  9.9440  23.9647 14.0920 214936 59870 10.0601  10.6566 5.8526 5.0004
8 155784 27.3852  6.8749 214357 10.5818 18.6520  5.1076  7.0387 7.5503 5.1324 5.0000
9 125722 25.6390 54025  18.9761 7.7455 159440 50085  5.5150 5.7833 5.0158 5.0000

10 9.8733 239128  5.0557 16.6061 59443 134198  5.0007  5.0856 5.1607 5.0018 5.0000
1 7.6483 22.2097  5.0068 14.3537 52133 11.1507  5.0000  5.0121 5.0266 5.0002 5.0000
12 61082 20.5334  5.0008 12.2582 50373  9.2258  5.0000  5.0016 5.0042 5.0000 5.0000
13 53333 18.8887  5.0001 10.3725 5.0061 7.7244  5.0000  5.0002 5.0007 5.0000 5.0000
14 50772 172813  5.0000 8.7603 5.0010 6.6636  5.0000  5.0000 5.0001 5.0000 5.0000
15 50160 157187  5.0000 7.4788 50002 59777  5.0000  5.0000 5.0000 5.0000 5.0000
16 50032 142101  5.0000 6.5468 5.0000 55611 50000  5.0000 5.0000 5.0000 5.0000
17 5.0006 12.7673  5.0000 5.9257 5.0000 53176  5.0000  5.0000 5.0000 5.0000 5.0000
18 50001 11.4053  5.0000 5.5388 5.0000 5.1784  5.0000  5.0000 5.0000 5.0000 5.0000
19 50000 10.1422  5.0000 5.3085 5.0000 5.0997  5.0000  5.0000 5.0000 5.0000 5.0000
20  5.0000 89994  5.0000 5.1749 5.0000 50556  5.0000  5.0000 5.0000 5.0000 5.0000
21 5.0000 7.9995  5.0000 5.0986 5.0000 50310  5.0000  5.0000 5.0000 5.0000 5.0000
22 5.0000 71619  5.0000 5.0555 5.0000 5.0172  5.0000  5.0000 5.0000 5.0000 5.0000
23 5.0000 6.4963  5.0000 5.0311 5.0000  5.0096  5.0000  5.0000 5.0000 5.0000 5.0000
24 5.0000 5.9973  5.0000 5.0175 5.0000  5.0053  5.0000  5.0000 5.0000 5.0000 5.0000
25  5.0000 5.6439  5.0000 5.0098 5.0000 50030  5.0000  5.0000 5.0000 5.0000 5.0000
26 5.0000 5.4057  5.0000 5.0055 5.0000 5.0016  5.0000  5.0000 5.0000 5.0000 5.0000
27 5.0000 5.2512  5.0000 5.0031 5.0000  5.0009  5.0000  5.0000 5.0000 5.0000 5.0000
28  5.0000 5.1537  5.0000 5.0017 5.0000  5.0005  5.0000  5.0000 5.0000 5.0000 5.0000
29 5.0000  5.0933  5.0000 5.0010 5.0000 50003  5.0000  5.0000 5.0000 5.0000 5.0000
30  5.0000 5.0564  5.0000 5.0005 5.0000 50002  5.0000  5.0000 5.0000 5.0000 5.0000
31  5.0000 5.0340  5.0000 5.0003 5.0000 5.0001  5.0000  5.0000 5.0000 5.0000 5.0000
32 5.0000  5.0205  5.0000 5.0002 5.0000  5.0000  5.0000  5.0000 5.0000 5.0000 5.0000
33 5.0000 5.0123  5.0000 5.0001 5.0000  5.0000  5.0000  5.0000 5.0000 5.0000 5.0000
34 5.0000 5.0074  5.0000 5.0001 5.0000  5.0000  5.0000  5.0000 5.0000 5.0000 5.0000
35  5.0000 5.0044  5.0000 5.0000 5.0000 5.0000 5.0000  5.0000 5.0000 5.0000 5.0000
36  5.0000 5.0027  5.0000 5.0000 5.0000 5.0000 5.0000  5.0000 5.0000 5.0000 5.0000
37 5.0000 5.0016  5.0000 5.0000 5.0000  5.0000  5.0000  5.0000 5.0000 5.0000 5.0000
38  5.0000 5.0010  5.0000 5.0000 5.0000  5.0000  5.0000  5.0000 5.0000 5.0000 5.0000
39 5.0000 5.0006  5.0000 5.0000 5.0000  5.0000  5.0000  5.0000 5.0000 5.0000 5.0000
40  5.0000  5.0003  5.0000 5.0000 5.0000  5.0000  5.0000  5.0000 5.0000 5.0000 5.0000

The approximate values of Picard (1.9), Mann (1.10), Picard- Mann (1.11), Ishikawa
(1.12), Agawalel at. (1.13), Noor (1.14), Abbas and Nazir (1.15), Thakur et al. (1.16),
modified multistep (MmultiIS) (A) (2.17), modified multistep (MmultilS) (B) (2.18)
and modified multistep(MmultiIS) (C) (2.19) iterative schemes to their fixed points are
shown in Figure 2.

6. CONCLUSION

This research is novel. The convergence speed of several iterative schemes were proven
to the fixed point analytically and numerically. The numerical results were represented
graphically in Figures 1 and 2.

The graph illustrated that the multistep iterative scheme C converged to the fixed point
p = 5.0 in lesser number of iterations than some of the existing iterative schemes in the
literature including Thakur et al. [31]. With the help of well constructed theorems the
modified iterative schemes A, B and C were applied to constrained minimization and
split feasibility problems for the class of nonexpansive mappings in Hilbert spaces. The
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40 A —— Picard
Mann
35 —— Picard-Mann
Ishikawa
----- Agarwal et. al.
30 A
----- Noor
—— Abass and Nazir
251 —— Thakur et. al.
= —— Modified Multistep A
20 1 —— Modified Multistep B
—— Modified Multistep C
15 1
10 1
5 .

T T T
0 5 10 15 20 25 30 35 40
Number of Iterations (n)

FIGURE 2. Convergence Speed of Fixed-Point Iterative Schemes on Ex-
ample 5.3

various iterative schemes and classes of mappings considered in this study have good
potentials for further research.
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