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On Duo I'-semihyperrings

JITENDRASING ]J. PATIL! AND KISHOR F. PAWAR?

ABSTRACT. A characterization of a regular I'-semihyperring to be a duo I'-semihyperring with the help
of ideals in I'-semihyperrings has been taken into account. Also several ideal-theoretic characterizations of a
regular duo I'-semihyperring has been done and proved some important results in this respect.

1. INTRODUCTION AND PRELIMINARIES

In 1958, Feller [2] introduced the notion of duo ring. In [10] Thierrin studied some impor-
tant properties of duo ring and he proved the set of nilpotent elements of a duo ring R
is an ideal, which is the intersection of the completely prime ideals of R. A several ideal-
theoretic characterizations of regular duo rings and semigroups are given by Lajos[3]. In
[4], Lajos studied regular duo semigroups and proved some important results in this re-
spect.

The notion of hypergroup was introduced by Marty in 1934. After that, many authors
studied algebraic hyperstructure which are generalization of classical algebraic structure.
In classical algebraic structure the composition of two elements is an element while in an
algebraic hyperstructure composition of two elements is a set. The hyperstructure theory
has lot of scope for study in the area of computer science and information technology
nowadays. The theory of hyperstructure has vast applications in various streams of sci-
ences. In 2003, Corsini and Leoreanu [1] has given application of theory of hyperstructure
in geometry, cryptography, artificial intelligence, relation algebra, automata, median alge-
bras, relation algebras, fuzzy sets and codes. So due to the vast applicability of the filed of
hyperstructure it becomes important to study the different notions of classical algebraic
structure to hyperstructure theory. Our main objective of the given paper is to study the
notions duo rings and regular rings from classical algebraic structure to hyperstructure
theory briefly.

The notion of I'-semihyperrings as generalization of a semiring, a semihyperring and
a I'-semiring was introduced by Dehkordi and Davvaz [11]. Also, Pawar et al.[9] intro-
duced regular I'-semihyperrings and made it’s characterization with the help of ideals
in I'-semihyperrings. In [7, 8] Patil and Pawar studied prime, semiprime ideals in I'-
semihyperrings and uniformly strongly prime I'-semihyperrings briefly. As there is lot of
scope to study different structure of classical algebraic structure in I'-semihyperrings. So
here it our attempt to study duo ring and regular structure of classical algebraic structure
in I-semihyperrings. In this paper characterization of regular I'-semihyperring R to be a
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duo I'-semihperring has been done with the help of ideals in R. Later we made character-
ization of regular duo I'-semihyperring and proved some results on the line of [4].

Here are some useful definitions and the readers are requested to refer [11].

Definition 1.1. Let R be a commutative semihypergroup and I' be a commutative group. Then,
R is called a T-semihyperring if there is a map R x I’ x R — p*(R) (images to be denoted by
aab, forall a,b € Rand o € T') and p*(R) is the set of all non-empty subsets of R satisfying the
following conditions:

(1) aca(b+ ¢) = aab + aac

(2) (a+b)ac = aac+ bac

(3) ala+ B)c = aac+ afe

(4) aa(bpc) = (aab)pe, forall a,b,c € Rand forall o, 8 € T.
Definition 1.2. A I'-semihyperring R is said to be commutative if aab = baa, for all a,b € R
and o € T.
Definition 1.3. A I'-semihyperring R is said to be with zero, if there exists 0 € R such that
a€a+0and0 e 0aa,0 € anl, foralla € Rand o € T

Let A and B be two non-empty subsets of a I'-semihyperring R and = € R, then
A+B={zlrca+bacAbe B}
AT'B = {z|z € aab,a € A,b € B,a € T'}.
Definition 1.4. A non-empty subset Ry of I'-semihyperring R is called a I'-sub semihyperring if it
is closed with respect to the multiplication and addition, that is, R1 + Ry C Ry and RiT' Ry C Ry.

Definition 1.5. A right (left) ideal I of a T'-semihyperring R is an additive sub semihypergroup
of (R,+) such that I'R C I(RT'I C I). If I is both right and left ideal of R, then we say that I
is a two sided ideal or simply an ideal of R.

2. DUO I'-SEMIHYPERRINGS

In this section, we have made characterization of a regular I'-semihyperring to be a duo
I'-semihyperring. We have proved some results in this respect.

Definition 2.6. A I'-semihyperring R is said to be a left (right) duo I'-semihyperring if every left
(right) ideal of R is a right (left) ideal of R.

Definition 2.7. A I'-semihyperring R is said to be a duo T'-semihyperring if any one sided ideal
of R is a two sided ideal of R. That is a I'-semihyperring R is said to be a duo I'-semihypering if it
is a left as well as right duo I'-semihyperring.

Example 2.1. [11] Let R = {a,b,c,d},T' = Zy and o = 0, 8 = 1. Then R is a T-semihyperring
with the following hyperoperations

+ a b c d

a | {a,b} | {a,b} | {c,d} | {c,d}
b | {a,b} | {a,b} | {c,d} | {c,d}
c | {e,d} | {e,d} | {a,b} | {a,b}
d | {¢e,d} | {c,d} | {c,d} | {a,b}
B8 a b c d

a | {a,b} | {a,b} | {a,b} | {a,b}
b | {a,b} | {a,b} | {a,b} | {a,b}
c | {a,b} | {a,b} | {c,d} | {c,d}
d | {a,b} | {a,b} | {c,d} | {c,d}
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For any z,y € R we define xay = {a, b}. Here R is a duo T'-semihyperring.

Definition 2.8. [5] A subsemihypergroup Q of (R, +) is said to be a quasi-ideal of I'-semihyperring
Rif (RTQ) N (QTR) C Q.
Definition 2.9. [5] An element e of I'-semihyperring R is said to be a left (right) identity of R if
r € ear(r € rae), forallr € Rand o € T'. An element e of I'-semihyperring R is said to be a
two sided identity or simply an identity if e is both left and right identity, that is r € ear N roe,
forallr € Rand o € T
Definition 2.10. [6] A non-empty set B of a I'-semihyperring R is a bi-ideal of R if B is a
I'-subsemihyperring of R and BI'RT'B C B.
Definition 2.11. [9] A subset A of a I'-semihyperring R is said to be a regular (strongly regular)
if there exists T'1,I'y C T and B C R such that A C AT'1BT'9A (A = AT BI1A).

A singleton set {a} of a I'-semihyperring is regular if there exists I'1,I's C T and B C R such
that

{a} =a€al'yBl'ya = {z € R|z € aabBa,a € T'1,8 € I'y,b € B}.

That is a singleton set {a} of I'-semihyperring is a regular if there exists o, 3 € T',b € R such
that a € aabBa. Similarly, a singleton set {a} of I'-semihyperring is a strongly reqular if there
exists o, B € T',b € R such that {a} = a = aabfa. Simply we can say a element a € R is
reqular (strongly reqular) instead of a singleton set {a} of a I'-semihyperring is a reqular(strongly
reqular).

Definition 2.12. [9] A T'-semihyperring R is said to be a regular (strongly regular) if every
element of R is a regular (strongly regular).

Example 2.2. [9] Consider the following:

_ r y
R_{<z w)x,y7z,w€R},
I'={z]z € Z},

aa 0
Aa—{< 0 ab>|a,b€R,a€F}.

Then R is a I'-semihyperring under the matrix addition with hyperoperation MaN — MA.N,
forall M,N € Rand o € T. It is easy to verify, R is not a duo as well as not regular T'-
semihyperring.

Theorem 2.1. [9] If R be a I'-semihyperring with an identity. Then R is a regular if and only if
for any left ideal A and right ideal B of R, AN B = BT'A.

Theorem 2.2. [5] Any one sided ideal or two sided ideal of a I'-semihyperring R is a quasi-ideal
of I'-semihyperring R.

Theorem 2.3. [5] If I'-semihyperring R has an identity element e then every quasi-ideal of a
I'-semihyperring R can be expressed as an intersection of a left ideal and a right ideal of a T'-
semihyperring R.

Theorem 2.4. [6] Any one sided (two sided) ideal of a I'-semihyperring R is a bi-ideal of R.

Theorem 2.5. [6] An ideal B of a I'-semihyperring R is a bi-ideal of R if and only if there exists
a left ideal P and right ideal Q of R such that QI'P C B C PN Q.

Theorem 2.6. [6] Every quasi-ideal of a I'-semihyperring R is a bi-ideal of R.

Theorem 2.7. Let R be a regular T'-semihyperring with an identity. Then R is a left duo T-
semihyperring if and only if for any two left ideals A and B of R, AN B = AI'B.
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Proof. Let R be a left duo regular I'-semihyperring with an identity and A, B be any two
left ideals of R. Then A is a right ideal of R. Then by Theorem 2.1, we have AN B = AI'B.
Conversely, assume that for any two left ideals A and B of R, AN B = AI'B and L bea
any left ideal of R. Hence by assumption, LI'R = L N R = L. So we get, L is a right ideal
of R. Therefore R is a left duo I"-semiring. O

Theorem 2.8. Let R be a regular I'-semihyperring with an identity. Then R is a right duo I'-
semihyperring if and only if for any two right ideals A and B of R, AN B = AI'B.

Example 2.3. [9] If R = {a,b,c,d} then R is a commutative semihypergroup with following
hyperoperations:

a b c d
{a} [{a,b} | {a,¢} | {a,d}
{a,b} | {b} | {b;c} | {b,d}
{a,c} [ {be} | {e} [{ed}
{a,d} | {b,d} | {c,d} | {d}
a b c d
a {a} {a,b} | {a,b,c} |{a,b,c d}
b| {ab} {0} | {be} | {bied}
c| {a,b,c} {b,c} {c} {c,d}
d | {a;b,c,d} | {b,c,d} | {c,d} {d}
Then R is a regular as well as duo I'-semihyperring with the operation xay — x-y, for x,y € R
and o € T', where I'-is any commutative group.

Qo |+

Theorem 2.9. Let R be a I'-semihyperring with an identity element. Then R is a left duo I'-
semihyperring if and only if every quasi-ideal of R is a right ideal of R.

Proof. Let R be a left duo I'-semihyperring with an identity and @) be any quasi-ideal of R.
Then by Theorem 2.3, there exists a left ideal A and a right ideal B such that Q = AN B.
Since R is a left duo I'-semihyperring, left ideal A is a right ideal of R. Hence we get,
@ = AN Bisarightideal of R.

Conversely, assume that every quasi-ideal of R is a right ideal of R. By Theorem 2.2, any
left ideal L of R is a quasi-ideal of R. Hence by Assumption, L is a right ideal of R. This
shows that, R is a left duo I'-semihyperring. O

Theorem 2.10. Let R be a I'-semihyperring with an identity element. Then R is a right duo
I-semihyperring if and only if every quasi-ideal of R is a left ideal of R.

Corollary 2.1. Let R be a I'-semihyperring with an identity element. Then R is a duo I'-
semihyperring if and only if every quasi-ideal of R is an ideal of R.

Example 2.4. In Example 2.1, R is a duo I'-semihyperring. Then by above Theorem quasi-ideal
Q = {a,b} of R being an ideal of R.

Theorem 2.11. Let R be a regular I'-semihyperring with an identity. Then R is a right duo
I-semihyperring if and only if every bi-ideal of R is a left ideal of R.

Proof. Let R be a right duo I'-semihyperring with an identity and B be any bi-ideal of R.
Then by Theorem 2.5, there exists a left ideal P and a right ideal @ of R such that QI'P C
B C PNQ. Since R is a I'-semihyperring with identity by Theorem 2.1, QI'P = PNQ = B.
As Ris aright duo I'-semihyperring so right ideal @ is a left ideal of R. Therefore we get,
PN Q@ = Bisaleftideal of R.

Conversely, assume that every bi-ideal of R is a left ideal of R. If B be a right ideal of R.
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Then by Theorem 2.4, B is a bi-ideal of R. Hence by assumption, B is a left ideal of R.
Therefore we get, R is a right duo I'-semihyperring. O

Theorem 2.12. Let R be a regular I'-semihyperring with an identity. Then R is a left duo if and
only if every bi-ideal of R is a right ideal of R.

Corollary 2.2. Let R be a regular I'-semihyperring with an identity. Then R is duo I'-semihyperring
if and only if every bi-ideal of R is an ideal of R.

3. REGULAR DUO I'-SEMIHYPERRINGS

In this section, we have made several ideal-theoretic characterization of a regular duo
I'-semihyperring on the line of [4].

Theorem 3.13. Let B be a bi-ideal of T'-semihyperring R. Then (B U BT'R) is a smallest right
ideal of R containing B and (B U RI'B) is a smallest left ideal of R containing B.

Proof. Let B be a bi-ideal of I'-semihyperring R. Then B is a I'-subsemihyperring of R. So
we get, (BUBTR) + (BUBIR) = (B+ B)U(B+ BI'R)U (BIT'R+ BI'R)U(BTR+ B) C
(BUBT'R) i.e. (BUBT'R) is an additive sub-semihypergroup of (R, +) and (BUBT'R)I'R =
(BT'R) U (BI'RT'R) C (B U BT'R).Therefore we get, (B U BT'R) is a right ideal of R.
Now, claim to show (B U BI'R) is a smallest right ideal of R containing B. Assume that,
B’ is a smallest right ideal of R containing B. Then B C (BUBTR). Also, B C B and
BTR C BTR C B since B’ is a right ideal of R. Thus we get B C (BU BT'R) C B'.
Therefore we get, B = (BU BT'R) i.e. (BU BT'R) is a smallest right ideal of R containing
B.

Similarly we can show that, (B U RI'B) is a smallest left ideal of R containing B. O

Corollary 3.3. Let I be any one sided (two sided) ideal of a I'-semihyperring R. Then (I U IT'R)
is a smallest right ideal of R containing I and (I U RI'I) is a smallest left ideal of R containing I.

Proof. Proof easily follows by Theorem 2.4. O

Theorem 3.14. A non-empty subset B of a regular I'-semihyperring R is a bi-ideal of R if and
only if there exists a left ideal L and a right ideal M of R such that B = MTL.

Proof. Let B be a bi-ideal of a regular I'-semihyperring R. Consider K is the product of
the smallest right ideal of a R containing B and the smallest left ideal of a R containing B
ie K = (BUBTR)[(BU RI'B). Claim to show B = K. Clearly, K = (BU BT'R)T'(B U
RT'B) = (BI'B) U (BI'RI'B). Since R is a regular I'-semihyperring so for any b € B,
b € bI'RI'b C BI'RI'B C K. Thus we get, B C K. Also, we have BI'B C B and
BT'RT'B C B since B is a bi-ideal of R. Therefore we get, K = (BI'B) U (BI'RI'B) C B.
Thus B C K and K C B implies that B = (BI'B) U (BT'RI'B) = K.

Conversely, assume that L be a left ideal of and M be a right ideal of a I'-semihyperring
R such that B = MTL. Then (MT'L) + (MT'L) C (MT'L) and (MTL)I'(MTL) C (MTL).
Therefore we get, (MT'L) is a I'-subsemihyperring of R. Also (MT'L)I'RT'(MTL) C MTL
i.e MT'L = B is a bi-ideal of I'-semihyperring R. O

Theorem 3.15. Every bi-ideal of a regular duo I'-semihyperring is a two sided ideal.

Proof. Let R be a regular duo I'-semihyperring. Then by Theorem 3.14, there exists a left
ideal L and a right ideal M of R such that B = MT L. Since product of two sided is a two
sided ideal result follows. O

Corollary 3.4. Every quasi-ideal of a regular duo I'-semihyperring is a two sided ideal.

Proof. Since every quasi-ideal is a bi-ideal of I'-semihyperring result easily follows. O
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Theorem 3.16. Let R be a I'-semihyperring with an identity. Then R is a regular duo I'-
semihyperring if and only if for any left ideals L and right ideal M of R (L N LTR)? = L and
(M NRTM)? = M.

Proof. Let R be a regular duo I'-semihyperring with an identity. Then for any left ideal
of R we can write, (L N LI'R) = L. By Theorem 2.1, for ideal (L N LT'R) we get, (L N
LTR)I(LNLTR) = (LN LTR)2 = (LN LTR) N (LN LTR) = (LN LTR) = L. Similarly
we can show that, (M N RTCM)? = M.

Conversely, assume that (L N LT'R)? = L and (M N RT'M)? = M for any left ideal L and
rightideal M of R. So clearly it gives every right ideal of R is left ideal of R and vice versa
i.e.we get, R is a duo I'-semihyperring. Then by assumption for any ideal I of R we have,
IT'I = I. Now, By Theorem 2.1, R is a regular I'-semihyperring. Hence the converse. [

Theorem 3.17. Let R be a I'-semihyperring with an identity. Then R is a regular duo I'-
semihyperring if and only if for any bi-ideal B of R, (BN BTR)* = B = (BN RT'B)2.

Proof. By theorems 3.15 and 3.4 proof easily follows. O

Corollary 3.5. Let R be a I'-semihyperring with an identity. Then R is a regular duo I'-semihyperring
if and only if for any quasi-ideal Q of R, (Q N QT'R)? = Q = (Q N RT'Q)>.
Theorem 3.18. In a I'-semihyperring R with an identity following conditions are equivalent.

(1) R is regular duo I'-semihyperring.

(2) For any two quasi-ideals Q1 and Q2 of R, Q1 N Q2 = Q1I'Qo.

(3) For aleft ideal A and a right ideal B of R, AN B = AI'B.

(4) For each left ideals Ay, A2 and right ideals By, B of R, Ay N Ay = A;T' Ay and BT Bs.

Proof. (1) = (2)

Let @, and Q3 be any two quasi-ideals of a regular duo I'-semihyperring R. Then by
Corollary 3.4, Q1 and @, are the ideals of R. Since R is regular by Theorem 2.1, we get
Q1N Q2 =Q1I'Qa.

2) = (3)

By Theorem 2.2, implication follows easily.

(3) = (1)

Suppose that for a left ideal A and a right ideal B of R, AN B = AI'B. Then by Theorem
2.1, R is aregular. Now for B = R, we have AT'R = AN R = A. This shows that left ideal
A of R is a right ideal of R. Similarly for A = R we get right ideal B is a left ideal of R.
Therefore R is duo I'-semihyperring i.e. R is a regular duo I'-semihyperring.

(2) = (4)

By Theorem 2.2, implication follows easily.

(4) = (1)

Let A be any left ideal of R. Then by assumption, AR = AN R = A as R is itself left
ideal. Therefore any left ideal A of R is right ideal of R. Similarly, we can show any right
ideal is a left ideal of R. Therefore R is duo I'-semihyperring. We can easily show R is
regular. O

Theorem 3.19. In a I'-semihyperring R with an identity following conditions are equivalent.
(1) Ris a regular duo I'-semihyperring.
(2) For every ideal I and bi-ideal B of R, IN B = IT'BT'I.
(3) For every ideal I and quasi-ideal Q of R, I N Q = IT'QT'I.

Proof. (1) = (2)
Let R be a regular duo I'-semihyperring, I be an ideal and B be a bi-ideal of R. Then by
Theorem 3.15, we have B is an ideal of R. Therefore II'BT'I] C I and IT'BI'I C B, since
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I and B are ideal of R. Therefore we get, II'BI'I C I N B. For the reverse inclusion, let
a € INB. Then a € al'Rl'a, since R is regular.

al’'RTa C aI'RT'(aI'RTa) (since a € aI'RT'a)
= (aI'R)T'al'(RTa)
C (ITR)I'BT(RTI) (since a € IN B)
CITBTI. (since I is an ideal)

Therefore a € al'RT'a C IT'BI'I. Thus a € I N B implies that a € II'BI'I. This shows that
INB CITI'BI'I. Hence we get I N B = IT'BI'].

(2) = (3)

As every quasi-ideal of R is a bi-ideal of R implication follows.

(3) = (1)

Let A be a left ideal of I'-semihyperring R. The by Theorem 2.2, A is a quasi-ideal of R.
Since R is an ideal and A is a quasi-ideal of R, by assumption we have A = RN A =
RTATR. ATR = (RTATR)I'R = RTAT'RTR C RTATR = A. Thus we get ATR C A
gives A is a right ideal of R. Similarly we can show any right ideal of R is a left ideal of R.
Therefore R is a duo I'-semihyperring. Now as any left ideal A and right ideal B are two
sided ideal of R, by assumption BN A = BI'AI'B. But BN A= BI'AI'B C BI'A, since A
is a ideal. Thus we get BN A C BI'A. Also, B'A C BN A, since A and B are ideals. We
get, BN A = BI'A. Hence By Theorem 2.1, R is a regular I'-semihyperring. Thus we get,
R is a regular duo. O

Theorem 3.20. Let R be a I'-semihyperring with an identity element. Then R is a reqular duo
I-semihyperring if and only if AN B = AU'BT'R, for a left ideal A and a right ideal B of R.

Proof. Let R be a regular duo I'-semihyperring with identity element and A be a left ideal
and B be a right ideal of R. Then ATBT'R C AN B since A and B are the ideals of R. For
the reverse inclusion, let « € AN B. Then as R is regular, a € al'R'a. Now
al’RTa C (aI'RT'a)T'RTa (since a € aI'RT"a)

C (ATRTB)I'R (sincea € AN B)

= (A'R)I'BT'R C AT'BT'R.
Thus AN B C A'BI'R. Hence we get, AN B = AI'BI'R.
Conversely, let A be a left ideal of R. Then by assumption, we have A = ANR = AT'RT'R.
This shows that A is right ideal of R. Similarly we can show any right ideal of R is left
ideal of R. Therefore R is a duo I'-semihyperring. By using assumption and R is a duo

we can easily show, AN B = AI'B. By Theorem 2.1, we get R is regular. Therefore we get,
R is a regular duo. O

Theorem 3.21. Let R be a I'-semihyperring with an identity element. Then R is a reqular duo
I-semihyperring if and only if AN B = RUAT'B, for a left ideal A and a right ideal B of R.

Theorem 3.22. Let R be a I'-semihyperring with identity element. Then R is a reqular duo if and
onlyif ANI = AI'l and BN I = IT'B, for a left ideal A, a right ideal B and an ideal I of R.

Proof. Let R be a regular duo I'-semihyperring with identity element and A be a left ideal
and I be a ideal of R. Then we easily get, AI'l C AN I. For the reverse inclusion, let
a € AT'I. As R is a regular I'-semihyperring, we have a € al'RI'a. Then

a € al’'Rl'a C AT'RI'I (sincea € ANI)
= AD'(RTI)
= AI'l. (since I is an ideal of R)
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Thus a € AN I implies a € AI'l. Therefore we get, AN I = AI'l. Similarly, we can
show BNI = IT'B.
Conversely, let A be a left ideal of R. By assumption A = AN R = AI'R, which shows A
is right ideal of R. Similarly, we can show any right ideal of R is left left ideal. Therefore
R is a duo I'-semihyperring. Now, let A is a left ideal and B is a right ideal of R. As R is
duo I'-semihyperring by assumption we have A N B = BI'A. Therefore By Theorem 2.1,
R is a regular I'-semihyperring. O

4. CONCLUSION

The hyperstructure theory has the vast application various fields of sciences. So it
is essential to study the concepts of classical algebraic structure to algebraic hyperstruc-
ture. In this paper we studied the concepts of duo I'-semihyperrings and regular duo
I'-semihyperrings. Also we made characterizations of duo I'-semihyperrings and regular
duo I'-semihyperrings with the help of different types of ideals in the I'-semihyperrings.
Also, there is scope to made characterizations of duo I'-semihyperrings and regular duo
I'-semihyperrings with the help of fuzzy ideals in I'-semihyperrings. As fuzzy sets plays
crucial role in application of computer sciences and artificial intelligence there is lot of
scope to make advanced study in the same concept.
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