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Timelike Bonnet surfaces on Lorentzian three-manifolds

ATHOUMANE NIANG !, AMETH NDIAYE 2, AND ADAMA THIANDOUM 3

ABSTRACT. In this paper we generalized a result of Soley Ersoy and Kemal Eren [10] about Bonnet timelike
surface in Minkowski 3-space. We give a necessary and sufficient condition for a surface M in a Lorentzian
3-space to be timelike Bonnet surface. Specifically, we give two theorems of classification of timelike Bonnet
surface in a Lorentzian 3-space.

1. INTRODUCTION

The accurate knowledge of submanifolds of a given manifold is of great help while
studying the features (geometric and topological properties) of the ambient manifold. The
geometry of the Grassmanian of any manifold gives a total description of objects lying in
the later. Therefore, it is interesting to get a natural and easy read of geometric properties
of different level submanifolds of a given manifold. The study of surfaces on a manifold
plays an important role in differential geometry. For more works about surfaces in three
dimensional Lorentzian manifold, see [2,9, 16, 17].

The Bonnet surfaces are surfaces which admit a one parameter family of isometric defor-
mations preserving the principal curvatures. V. Lalan [11] was the first who used the term
“Bonnet surface”. In [1], Bonnet proved that any surface with constant mean curvature in
Euclidean 3-space E (which is not totally umbilical) is a Bonnet surface. In [3], Cartan
gave some detailed results for Bonnet surfaces and studied the existence and classifica-
tion of Bonnet mates. He proved that in the Euclidean 3-space E, any Bonnet surface is
a Weingarten surface. If the ambient space of the surface is a complete simply connected
Riemannian 3-manifold R3(c) of constant curvature ¢ > 0, W. Chen and H. Li showed that
there exist always Bonnet surfaces which are not Weingarten surfaces [6] and in [7] they
obtain the classification results of timelike Bonnet surfaces in 3-dimensional Minkowski
space. Lawson in [12] extends Bonnet’s results to any surface that has constant mean
curvature in a Riemannian 3-manifold of constant curvature. Chern proved in [8] that dif-
ferential forms can be used to characterize isometric deformations that maintain the prin-
cipal curvatures of surfaces. In [13, 14, 15] I. Roussos has confirmed that helical surfaces
may belong to a class of the Bonnet surface, and he considered the tangent developable
surfaces as Bonnet surfaces. By using the method of Chern he also obtained a character-
ization for isometric deformation preserving the mean curvature. More detailed results
concerned with these surfaces are presented in [5], where the authors showed that the
mean curvature of W-surfaces satisfy an ordinary differential equation of third order and
they found that surfaces with constant Gaussian curvature admitting such deformation
should have zero Gaussian curvature. In [10] et al. obtained a necessary and sufficient
condition for a timelike tangent developable surface to be a timelike Bonnet surface by
the aid of this criterion. This is examined under the condition of the curvature and tor-
sion of the base curve of the timelike developable surface being nonconstant. Moreover,
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they investigated the nontrivial isometry preserving the mean curvature for a timelike
flat helicoidal surface by considering the curvature and torsion of the base curve of the
timelike developable surface as being constant.

Motivated by the above works, in this papier we give some necessary conditions for a
surface to be timelike Bonnet surface in a Lorentzian 3-space L®. We give a generalization
of the works in [10]. The paper is organized as follow: in section 2, we recall some basic
result and formulas about timelike surface without umbilic points in a three dimensional
Lorentzian manifold. In section 3, we study geometric properties of the timelike Bonnet
surfaces in L?. Specifically we give a necessary and sufficient condition for a surface M in
a Lorentzian 3-space to be timelike Bonnet surface.

2. SOME BASIC FORMULAS

Let M be a local timelike surface of three dimensional Lorentzian manifold L? defined
by an embedding x : M — L3. The curvature tensor of L? is denote by R. The metric
tensor of L3 is g. We will assume that the surface does not admit umbilic points and has
a diagonalizable Weingarten operator A. Let (e, e2) be an orthonormal basis on the local
surface M which are eigenvectors of the shape operator A at any point of M. We will
assume that e; is timelike and e, is spacelike. We put e3 = e; x ey, where X is the vector
product of L3.

Let (w',w?, w?) be the dual basis of the local orthonormal frame (eq, ez, e3) at the point
x € M. The Levi-Civita connection of L? and the induced connection on M are both
denote by V. We have the following equations:

dr = wle; +w?es
@.1) Ver = wies+wies
) Vey = wiep +wdes ’
Ves = wie; —wies
with w§ = w} = w? =0, w? = wl,w} = —w! and w3 = —w?.
We define the shape operator A : T, M — T, M associated to the normal vector field e3, by
A(e1) = —aeq, A(ez) = —ces. Thus this shape operator A is assumed to be diagonalizable.
So we have
(2.2) Wi =aw'; Wi =—cw?

The functions a and c are the principal curvature (a # c¢). The mean curvature H and the
Gauss curvature K of the surface M are given by

a+c

H= and K =ac

respectively and we put J = 43¢ > 0, for more detail see [4, 7, 10].
We put
wi = hw' + kw?,
where h and k are uniquely determined by the first structural equations of M given by
(2.3) do' =W Awl; dw? = w! AWl
The Gauss and Codazzi equation of the surface M are given respectively by
(2.4) dw? = —Kw! Aw? + 12,
with ¥?(X,Y) = g(R(X,Y)e, ez) forall X, Y € TM and

dwf—w%/\wgzw%
(25 { dwi — wi ANw?d =3
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with ?(X,Y) = g(R(X,Y)e;,e3),i = 1,2, forall X,Y € TM. We will put,
(2.6) PP = (c—a)A3w? Aw', 3 = (c— a)Aw' Aw?,

Using the equations (2.3)-(2.6) and the fact that w} = hw' + kw? we have
[da+ (a—c)(h+ A})w?] Aw' = 0.
So there exist a function p’ such that
da + (a — ¢)(h + X3)w? = p'w?,
and we put p’ = p(c — a). So we have
da + (a —¢)(h + X3)w? = p(c — a)w'.
A same computation shows that there exist a function ¢ such that
de+ (¢ —a)(k + \3)w' = (a — ¢)qu?.
So in summary we get

da+ (a —c¢)(h + A)w? = (c — a)pw*
de+ (¢ —a)(k + 2wt = (a — ¢)qw?
For more information and details see [10, 6].
Thus we have these following relations

da 1 3 2
L = pw' 4+ (h+ Af)w
27 L Tl

and
(2.8) 2dH = (a—c) [((k+A3) —p)w' + (g — (h+ A})) w?] .
Now if we put
u=(k+X})—p
29) Lezieisd

the equation (2.8) becomes

(2.10) 2dH = (a — ¢)(uw' + vw?).

We introduce the following 1-forms on the surface M
0" = uw' + vw?

(2.11) { 0? = vw! + uw? -

The first fundamental form I of the surface M is given by

(2.12) I=(w)?— (w?)?

and then (by (2.10) and (2.12)), the gradient of the mean curvature H satisfied
(2.13) 2gradH = (a — ¢)(uey — ves).

We introduce again the following 1-forms

{ O(l = le —’UUJ2

o? = —opwt + uw

(2.14) ,

We define the x Hodge operator by

(2.15) awl =w?  w?=wh (%)% =1,

and the connection form w? and the forms 6°, o*, i = 1,2 in (2.11) and (2.14) satisfy
(2.16) *w? = kw' 4+ hw?,
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*01 = 62
(217) { *92 — 91
and

*al = o2

From (2.7) and (2.9) we have
{ do — (u— (k+ M) w! — (h+ A)w?

a—c

Ao — (k+M)w' + (v+ (h+A3))w? -

a—c

(2.19)

By using (2.19) and (2.16), we get
(2.20) dinja —c| = o' —2x (w3 + B),
where 3 statisfies
B = Mw! + Ajw?
(2.21) { *B = Nw! + Nw? -
3. TIMELIKE BONNET SURFACE IN L3

Here, we will study an analogue of the criterion given by [7, 10] for a timelike surface
in a Lorentzian manifold (L, g) to be a Bonnet surface.
Let M be a new timelike surface in L® with principal curvatures @ and ¢, which is an
isometric deformation of M that preserve the first fundamental form and principal curva-
tures a and c of M (i.e an isometric ¢ : M — M such that a o ¢ = a and ¢ o ¢ = ¢). Thus
we have
(3.22) a=a, C=c.
Let {@!,w?} be coframe of the frame {¢;,&,} of M. Since M and M have the same first
fundamental form , we get
(3.23) (@) = (@)% = (W")? = ()%

Then there exists some function ¢ on M such that

-1 _ 1y o 2
(3.24) { w" = cosh pw" + sinh pw

w? = sinh pw' + cosh pw? -

By taking the exterior differentiation of (3.24) with the first structural equation, we can see
easily that

-2 _ -1 _ 2
W] =Wy = wi — dop.

The conditions a = a, ¢ = ¢, the relations in (2.16), (2.21), with (2.20) give

(3.25) al =24 (wh+B)=a' —2x (w3 + B).

Applying the operator * in the equation (3.25) with equations (2.14-2.15) we get
(3.26) a® —2(w;y + B) = a* —2(w3 + B).

Since w? — w3 = dy and by the equation (3.25), the equation (3.26) becomes
(3.27) o? —a? =2dp +2(8 - B).

The equation —2dH = (a — ¢)f' show that §' = 0. So uw! + v0? = uw! + vw?; and
combining with (3.24) give us

(3.28) { % = u cosh ¢ — vsinh ¢

U = —usinhy +vcoshy
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Now by using the equations (2.14) and (3.28) with the equation (3.24), an easy computa-
tion shows that

(3.29) a* = sinh 2pa’ + cosh 2pa?.
We define T' = coth ¢ and we use the relation in (3.27) to obtain
(3.30) dT = To' 4+ o® + _5 ’f )

sinh”

We can rewrite A} and A3 given in (2.6) by the following expression

A} = 2g(R(e1,e2)er, e3)
3.31 L= ’ ’ .
( ) { )\g = —%9(3(61782)62763)

By using the equation (3.24), we find

€1 = cosh pe; — sinh pes
(3.32) { e, = —sinh pe; + cosh pey ’
and then we get
(3.33) €1 X ég = €1 X €3 = €3 = €3.

Using the equations (3.31), (3.32) and (3.33) we get

63 1 et hevihe B
and
(3.35) B = cosh 23 + sinh 2¢ 3.
One can see that 3 and f3 are related by
(3.36) siﬂnhfgo = —2(8+ T(xB)).
Now the equation (3.30) becomes
(3.37) dT =T(a' — 2% B) + (a® — 28).
Let now

1_ 1
(3.38) { ey

so the equation (3.37) become
(3.39) dT = TH' + 42
Remark 3.1. The equation (3.39) is a totally differential equation that the hyperbolic anlge T

satisfies during the isometric deformation. In order to have non-trivial isometric deformation it is
necessary and sufficient that the equation (3.39) to be completely integrable.

Remark 3.2. When H is constant then v = v = 0 and o' = o = 0. Moreover if M has zero
normal curvature (e \3 = X3 =0 & B =xB=0), then T = constant is solution of (3.39).

So we have the following theorems:

Theorem 3.1. Let M be timelike surface in IL? of constant mean curvature H with H* > K. If M
has zero normal curvature then M has one parameter family of non trivial isometric deformations
preserving the mean curvature; that is M is timelike Bonnet surface in 3.
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Theorem 3.2. Let M be timelike surface in 3. If M has non-constant mean curvature H or has
non-zero normal curvature then the exterior differentiation of (3.38) gives

(3.40) Tdy' + (dv? — 7' Ay?) = 0;
So, the equation (3.39) is completely integrable iff
dy' =0 5 dy?=9" AN
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