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Nonlinear elliptic problem involving natural growth term,
L'-data, variable exponent and Neumann boundary
condition

IBRAHIME KONATE ! AND STANISLAS OUARO?

ABSTRACT. In this paper we study a class of multivalued Neumann boundary problem governed by the
general p(.)-Leray-Lions type operator and involving a natural growth term and L! data. Using the technique
of maximal monotone operator in Banach spaces and the approximation method via Yosida regularisation and
penalizing term, we firstly prove the existence of at least one weak solution when the right hand side datum
is bounded. Secondly, we deduce the existence of at least one renormalized solution when the right and side
datum belongs in L!. By choosing an appropriate test function, we end by establishing a relationship between
renormalized solution and the entropy one.

1. INTRODUCTION

In the last ten years, the study of nonlinear partial differential equations in the frame-
work of Sobolev spaces with variable exponent has undergone a considerable attention in
the community of mathematic researchers. The main interest to such spaces rely on their
efficient application in modelling the behaviour of various non-homogeneous materials
in many fields such as physic, mechanical process, electro-rheological fluids, stationary
thermo-rheological viscous flows of non-Newtonian fluids (see [4, 18, 23, 30, 31] for more
details). They are also used in modelling the image processing ([15]).

In this paper we consider the following homogeneous nonlinear Neumann boundary
value problem

B(u) — diva(z,u, Vu) + g(z,u, Vu) 3 f in Q

(P{5)
a(z,u,Vu) v =0 on 01,

where () is an open bounded domain of RY (N > 3) with smooth boundary 99, f €
LY(Q), B: R — 2% is a maximal monotone mapping such that 0 € 3(0), v is the outer unit
normal vector on 9. The operator A(u) = —diva(z,u, Vu) is called a p(.)-Leray-Lions
type operator acting from W'?()(Q) into its dual (W'*()(Q))*.

Furthermore, g is a nonlinear term having natural growth (of order p(.) where p is a
function depending on z) with respect to gradient, which satisfies the sign-condition
g(x,s,&)s > 0.

The aim of this paper is to show the existence of solutions of the problem (Pf ;). Our
approach is done in several steps. The first step consists to construct an approximating
problem (P}, ) via Yosida regularization and penalization. In the second step, we use
the technique of maximal monotone operator in Banach spaces to prove the existence of a
sequence of solutions (u.)e>o of the problem (P7; ). In the third step, we show that the
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24 L. KONATE and S. OUARO

sequence of solutions (ue).>o converges to a measurable function v which is a weak solu-
tion of the initial problem when the source term f is an L>-function. In the case where f
belongs in L!(), we deduce the existence of a renormalized and/or an entropy solution.
Let us stress that the Neumann boundary condition which appears on the boundary of
problem (P{ ;) requires to work in the space WPl (Q) instead of the common space

WO1 P (')(Q). This situation creates several difficulties that we need to overcome in the
present study. Going into details, the first difficulty which arises is that we cannot ap-
ply the Poincaré type inequality on the sequence of approximated solutions since they are
expected in the space W!P()(Q). Note also that this famous inequality is an important
tool that one can use in homogeneous Dirichlet boundary condition case to achieve the
coerciveness of the operator associated to the approximating problem. To overcome this
difficulty, we add in the approximating problem a monotone function ¢|u.[P(*) =2, (see
Section 4 below). Taking into account the presence of this strong monotone perturbation,
one can obtain the coerciveness of the associated operator to problem (P$; ) when the
right hand side datum is an L*°-function. The second difficulty we encounter is how to
pass to the limit in the sequence of Yosida regularisation (8(T (ue)))e>0 (see Section 4
below). To be able to pass to the limit as ¢ — 0 when the source term f belongs in L*°,
we establish an L°°-estimate on the sequence (8¢(7'1 (uc)))e>0 which permits us to obtain
its weak-* convergence to a function b in L>°(€2). From this convergence, we deduce the
existence of a sequence of functions (b,,),eny Which belong in L' and represents one com-
ponent of the couple of solutions of the approximated problem (P, ;) in the case where
the right hand side datum f belongs in L' in the initial problem (see Section 5). In order
to pass to the limit as n — oo, we prove that the sequence (b, )nen is uniformly bounded
and relatively weakly compact in L!(2). This allows us to have its weak convergence to
a function b in L(Q).

In the literature, several authors have studied particular cases of the problem (P ;). Let-
ting the p(.)-Leray-Lions type operator be independent of u, 5 having a bounded domain
and g = 0, Ouaro and Ouédraogo (see [29]) have established the existence and uniqueness
of an entropy solution of the following problem.

B(u) — div a(z,Vu) > f in Q

(P3.¢)
a(z,Vu)m =0 on 0,

where f belongs in L' (€2). In [28], the authors have pushed the investigations of problem
(P§ ;) by assuming that the right hand side data f is a diffuse measure. Other important
works about inclusion differential problem can be found in [1, 2, 8]. In the framework
of classic Sobolev spaces with constant exponent, many works in L!-theory for nonlinear
elliptic problem involving general p-Leray-Lions type operator and natural growth term
have been analysed in [9, 10, 11, 12, 13, 24]. These works was further pushed forward into
the framework of variable exponent [5, 17, 32]. As far as elliptic equations with natural
growth terms and L'-data under homogeneous Dirichlet boundary conditions are con-
cerned, we refer the readers to [6, 7].

In a recent paper, Akdim et al. [3] have analysed the existence of solution of differential
inclusion equation under homogeneous Dirichlet boundary condition in classic Sobolev
space. The main interest in our work is that we are dealing with general nonlinear opera-
tors —diva(z, u, Vu) and natural growth term under Neumann boundary condition in the
context of Sobolev space with variable exponent.

Let us summarize the content of the paper. In Section 2, will present some definitions
and properties of Sobolev spaces with variable exponents. In Section 3, we give our basic
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assumptions and recall a fundamental result. In Section 4, we prove the existence of weak
solution when the right hand side datum f € L*°(Q) or f € LY(Q). Finally, in Section 5,
we prove the existence of renormalized solution when the right hand side datum belongs
to L1(9).

2. PRELIMINARIES

We recall in what follows some definitions and basic properties of Lebesgue and Sobolev
spaces with variable exponent.
Let 2 be abounded domain in RY (N > 3) with smooth boundary Q2 and p(.) : @ — R*
be a continuous function with

(2.1) 1 <p :=inf p(z) <pt :=supp(z) < co.
e zeQ

We denote

C.(Q) = {p c0(Q): meuﬁlp(x) >1aex€e Q}

For any p € C(Q2), the variable exponent Lebesgue space is defined by

LrO(Q) == {u : O — R measurable : / lu|P@ dz < oo},
Q

endowed with the so-called Luxembourg norm

p(z)
lullpy = inf{)\>0:/ dx<1}.
al A

The p(.)-modular of the LP() () space is the mapping p, ) : L?)(€2) — R defined by

u) :/ [P d.
Q

For any u € r() (€), the following inequality (see [21],[22]) will be used later.
. - +
(2.2) min { Jull? ;- ll ) b < pp () < max { lull2 5 Jull?) -

For any u € L*)() and v € L10) (), with L5 + -
inequality (see [26]).

23) ‘ / wvda] < ( + ) el lellaco-

If Qisbounded and p, ¢ € C4(Q2) such that p(x ) q(z) for any z € €, then the embedding
L) (Q) — LPL)(Q) is continuous (see [26], Theorem 2.8).

ﬁ = 1in , we have the Holder type

Proposition 2.1. [26] For u,,,u € LP)(Q) and p, < oo, the following assertion hold.
(D) Nlullpy < 1(resp, =1, > 1) ifand only if p,y(u) < 1 (resp, = 1, > 1);
() lullyy) > 1imply [ul%y < ppoy(u) < |lull’, and ull,y < 1imply [lul
po(y (W) < llullycy
(iii) ||un|lpy — O if and only if ppy(un) — 0, and |[uy,||p) — oo if and only py(y(un) —
0.

—~

|p+

Now, we define the variable exponent Sobolev space by

WiPO)(Q) = {u e LPO(Q) : |Vul € Lp(')(Q)}
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with the norm

ullip) = llullpe) + 1Vl

We denote by VVO1 L) (Q) the closure of C§°(Q) in WP()(Q), and we define the Sobolev
exponent by p*(.) = A if p(.) < N and p*()) = oo if p(.) > N.

Lemma 2.1. [6] For 1 < p(.) < coand u,u, € LPY)(Q) such that ||u, ) < C, if un(.) — u(.)
a.e. in Q, then u,, — uin LPO)(Q).

Theorem 2.1. [22, 25]

(i) Assuming 1 < p_ < p* < oo, the spaces LP1)(Q2) and Wol’p(')(ﬂ) are separable and
reflexive Banach spaces.
(i) If g € C4(Q) and q(z) < p*(x) for any x € Q, then the embedding W) (Q) <
L)(Q) is continuous and compact.
(iii) Poincaré inequality : there exists a constant C > 0, such that

1,p(.
lullpcy < ClIVully), Yu € Wy (@),
(iv) Sobolev-Poincaré inequality : there exists a constant C' > 0, such that

) < ClIVaullpy, Yu € Wy (Q).

I
Remark 2.1. By (iii) of Theorem 2.1, we deduce that ||Vul| .y and ||ul], ,.) are equivalent norms
in Wy (Q).
Definition 2.1. [19] For any x € §2 such that ﬁ + —1— = 1, we denote the dual of the Sobolev

p'(x)
space Wo(Q) by W=1#'0)(Q), and for each F € W=10'()(Q), there exists fo, f1,.... fx €

N
LY O(Q) such that F = fo+ ) gfl. Moreover, for all u € WP (Q), one has
€Ly
i=1

N
ou
<F’u>AfOUdI;Afi8mdz7

and we define a norm on the dual space by

N
1FN 1500y = D Wil
=0

Finally, we use throughout the paper, the truncation function Ty, (k > 0) defined by
(2.4) Tk (s) = max{—k, min{k; s}}.

It is clear that klim Ti(s) = sand |T(s)| = min{|s|; k}.
—00

THPO(Q) := {u : Q — R measurable function such that T}, (u) € W?()(Q)}.
Let us introduce some functions that will be frequently used in this paper.
For r € R, let r* := max(r, 0) and sign be the function defined by

. lifr >0
—+ _ )
signi 1) = { g1 20
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For § > 0, we define Hy : R — Rby

—_

ifr>9§

Hi(r) = if0<r<é

S >l

ifr <0.
Clearly, Hj is an approximation of signg .

Definition 2.2. [14] Let (9, M, 1) be a finite measure space. A bounded subset F of L(p) is
called uniformly integrable if for every € > 0 and f € F, one has
o there exists § > 0 such that/ Ifldp < eif p(A) <6
A
and

o there exists w C Q measurable with |w| < oo such that / |fldp < e
QN\w

Proposition 2.2. [16] Let (Q, M, i) be a finite measure space. A subset F of L'(u) is called
uniformly integrable if one has

lim (sup/ |fdu> =0.
@ N JeF J{|f12a}

Proposition 2.3. [16] If the measure 1 is bounded, any subset F in LY, bounded in L, is
uniformly integrable.

Proposition 2.4. [16] Let F be a subset of L' (). If there exists a positive function f € L' such
that |g| < f forany g € F, then, F is uniformly integrable.

Theorem 2.2. [20] (Dunford). A subset of L' (u) is relatively weakly compact if and only if it is
bounded and uniformly integrable.

Lemma 2.2. [6] Let u € L")(Q) and u,, € L") (Q) such that ||uy,|
o0. Ifup, — wae. in Q, then u,, — win L™ (Q).

Lr()(Q) < CfO?’ 1< T’((E) <

3. ASSUMPTION AND FUNDAMENTAL RESULT

The data involved in our study are subject to the following conditions.
a: QxR xRY — RV is a Carathéodory function satisfying the following assumptions
for almost every z € Q and for all £, € RY, s € R.

(3.5) alw,5,).£ > Ne[");

(3-6) la(z, 5,€) < Blk(x) + [s|PO7 4 [P,

(37) (a(xv‘S?f)_a(anvn))(g_n) >01f§7é777

where ), /3 are two positive constants and k(.) is a given nonnegative function in L? () ().
(3.8) a(z,s,0) =0.

Furthermore, g : Q x R x RY — R is a Carathéodory function such that for almost every
reQ, scR, £cRY,

(3.9) 9(z,5,8)s =2 0;

(3.10) l9(z, 5,6)] < b(Js])(c(x) + [€P“));
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where b : RT™ — R is a continuous increasing function, ¢(.) a given nonnegative function
in L1(Q).

In the sequel, the following lemma which proof follows the same lines as in [6] will be
useful.

Lemma 3.3. [6] Assuming that (3.5)-(3.7) hold and (u,,)nen is a sequence in WP()(Q) such
that w, — uin W20 (Q) and
(3.11) / [a(x,un, V) — a(z, tp, Vu) | V(u, —u)dz — 0.
Q
Then, u,, — uin WP (Q).

4. EXITENCE OF WEAK SOLUTION

This part contains the first main results of the problem (P} ) using the notion of weak
solution.

Theorem 4.3. For f € L>(Q) or in L*(Q), there exists at least one weak solution (u,b) €
TH20)(Q) x LY(Q) of problem (Pf 5) in the sense that b(z) € B(u(x)) a.e. in Q, g(x,u, Vu) €
LY(Q) and

(4.12) /bgpder/a(x,u,Vu)Vgodx—F/g(x,u,Vu)(pdx:/fgoda:,
Q Q Q Q

for any ¢ € WHPL(Q) N L2(Q).

Proof. In this section we prove into tree steps, the existence of at least one weak solution
of the problem (73}” 5) when the right and side datum f belongs to L>°(£2).

4.1. Proof of the case f € L>°(1Q2).

Step 1. Approximated problem

We consider the sequence of approximate problem

Be(T1(ue)) — diva(z, ue, V) + ge(x, e, Vue) + .s|us|p(”’)_2u6 =finQ
(P§s.)

a(z,ue, Vue) -n =0 on 09,

g(x,s,€)

where . : R — R is the Yosida approximation of § and g.(z,s,{) = m ’
€lg(x, s,

for any € € (0, 1].
For all u € W()(Q), remark that

(B(u),u) > 0, 18] < ~Jul and lim 6. (u) = Blu).
One also has

9e(2,5,6)8 2 0, |ge(w,5,8)| < gz, 5,6, [ge(w,5,6)] <

a | =

and 1

Theorem 4.4. For any f € (WP()(Q))*, the problem (Pf.) admits at least one weak solution
u. € WHPL)(Q). Namely,

[ 8t wpde + [ aloue Vud Veds + [ guooue Vudgds + ¢ [ Ju 2 pdo
Q € Q Q Q
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(4.13) _ /Q Foodz,

forall o € WHPL)(Q) N L>2(Q).

Proof. Let us define the operator A, : W20 (Q) — (W2(L)(Q))* as follows.
Yu,o € Whrl)(Q),

(Ac(u), p) = (Au, ) + ﬁe(Tl(u))wder/ge(x,u,VU)wdxﬂLe/ |ue[P®) 2y dz,
Q € Q Q

where (Au, ) = / a(z,u, Vu)Vedz.
Q

Lemma 4.4. The operator A. is pseudo-monotone and bounded. Moreover, A, is coercive in the
following sense.

{(Ac(u), u)

— 00 as ||ulq,p) = oo.
[ull1p() P

Proof. There exists a constant C' > 0 such that (see [32])

(4.14) < Cllelpe)-

/ ge(,u, Vu)odx
Q

Since 3. o T1 is bounded in L”,(')(Q), there exists a constant C’ > 0 such that, by using
Holder type inequality, one gets

‘/Qﬁe(Ti(U))wdw S/Qlﬁe(Tg(U))tplde <p1+(;),)HBE(T;(u))llp%.)llwllp(.)

(4.15) < C'llellpe)-

By using again Holder type inequality, one has

e/ ue|P®) 2 da
Q

< / 1o P o
Q

1 1
<éel —+ —— uép(z)fl ” .
<p <p_),)| PO el

1 1 o
< (5 + 7oy M o el + 1¥00) < Clelay

(p-)
From the Holder type inequality and the growth condition (3.10), we can prove that A is
bounded. Then, we deduce from (3.6), (4.14) and (4.15) that A, is bounded.
To prove the coercivity of A., we set

py if ||u||1,p(.) <1,
o =

poif [Jullipoy) > 1

where C = e<p1_ + = |Hue|p(w)71||p’(~)'
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then, for all u € W()(Q), one has

(A, (1), u) <Au,u>+/Qﬁe(T%(u))udm+/Qge(x,u,Vu)uda:+e/Q|u|p(m)*2udm
lulipey lull.pey

/a(%‘,u,Vu)Vudx+e/ |U|p(x)_2uda:
Q Q

>

(by neglecting positive terms)
lellep)

)\/ |Vu|p(‘”)dx+e/ JulP@ =2 uda
Q Q

llull1,p)

min(e, A Vu p(l)dac—&-/ Up(m)dx) i
( )(/Q| | Q‘ | - min(e, A)py p(.) (w)

lullepe - lellep0)
10155

w10

v

> min(e, A) > min(e, \)||ul|F — oo as llull1,p) — oo (since 1 <p_ < py).

1,p(.)

Therefore A, is coercive.
Now it remains to establish that A, is pseudo-monotone. Let (uy)ren be a sequence in
WPL)(Q) such that

up — uin WHPL(Q),
(4.16) Acuy — x in (W20)(Q))*,

lim sup(Acug, ur) < (Xe, ).
k—o0
Let us show that
(Acug, ur) — (x,u) as k — oo, where xy = A.u.

According to the compact embedding WP()(Q) << LP()(Q), there exists a subse-
quence still denoted (uy,)rear such that uy, — uin LPO) () as k — oo.

As (ug)ren is a bounded sequence in W'P()(Q), using the growth condition it follows
that (a(z, ug, Vui))ken is bounded in (L'()(Q))N. Then, there exists a function ¢ €
(LP' ()N such that

(4.17) az, ug, Vug,) — pin (L7 O(Q)N as k — .

Since (ge(x, ug, Vg ))ren is bounded in (LP'()(€))N, we similarly deduce the existence of
a function 1, € (L' )(Q))N such that

(4.18) ge(z,up, Vug) = ¢ in (Lpl(')(Q))N as k — oo.

In view of the inequality |3(T1(ux))| < % and the convergence u;, — u a.e. in Q as
k — oo, one deduces from the Lebesgue dominated convergence theorem that

(4.19) Be(T1 (ug)) — Be(T1 (u)) in LP-)(Q) as k — .

On the other hand, the generalized Lebesgue convergence theorem implies the following.

(4.20) €|up [P 2uy, — e|uP™ =2y strongly in LY (Q) as k — .
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Thus, for any v € W'r()(Q),

(Xe,v) = lim (Aeug,v)
k—o0

= lim a(z, ug, Vug)Vodr + lim ge(z, ug, Vug)vdx

+ lim /ﬁe(T;(uk))vdere lim / g | P =2, da
0 € k— o0 Q

k—oc0

(4.21) = / pVudr + / Yevdx + / Be(T1 (u))vdx + e/ [P =2y d.
Q Q Q ‘ Q
Having in mind (4.16) and (4.21), one obtains

lim sup(Acug, uy) m sup (/ a(x, up, Vug) Vugde + e [ up[P@ da
k—o0 Q

=1l
k—o0 Q

+/Qge(xvukavuk)ukdx+/5265(Tl(uk))ukd$>

S/anVud:z:+/Qwsudx+/ﬂﬂ5(T%(u))udx

(4.22) +e/ [P d.
Q
Using respectively (4.18), (4.19) and (4.20) when k — oo, one has
(4.23) / ge(z, up, Vug)upde — / Yeud,
Q Q
(4.24) [ ot wpyds — [ BT (w))uds
Q ¢ Q ¢
and
(4.25) e/ |uge [P~ 20y, —>6/ [P =2y dg.
Q Q
It follows that
(4.26) lim sup/ a(z, ug, Vug)Vugdr < / pVudz.
Thanks to (3.7), one has

/(a(x, ug, Vug) — a(x, ug, Vu))(Vug, — Vu)dx > 0,
Q
then,

/ a(x, ug, Vug)Vugde > / a(x, ug, Vug)Vudx +/ a(x,ug, Vu)(Vug, — Vu)dz.
o 0 Q
Since Vuy, — Vu in LP() (), using (4.17) one obtains

lim inf/ a(z, ug, Vug)Vugpdr > / pVudz.

k—roo Q Q
From (4.26), one can deduce that
(4.27) lim [ a(x,ug, Vug)Vurde = / pVudz.

Q

k—o0 Q

31
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Therefore, combining (4.23), (4.24), (4.25) and (4.27), one obtains
(Acug, ug) = (Xe,u) as k — oo.

N and

It remain to prove that a(z, ug, Vug) — a(z,u, Vu) in (LP () (Q))
e (@, up, Vug) = ge(z,u, Vu) in L ) (Q) as k — oc.

From (4.27), we can prove that

lim [ (a(z,uk, Vug) — a(z, ug, Vu)) (Vug, — Vu)dz = 0.

k—o0 O

According to Lemma 3.3, one obtains

up — u in WHPH(Q) and Vuy, — Vu ace. in Qas k — oo;

then,

(4.28) a(z, up, Vug) = a(z,u, Vu) in (Lpl(‘)(Q))N as k — o
and

(4.29) e (@, up, Vug) = ge(z,u, Vu) in L (Q) as k — oc.

Therefore, we can write x. = Acu, which end the proof of Lemma 4.4.

Since A, is bounded, coercive and pseudo-monotone, A, is surjective (see [27], Theorem
2.7). Therefore, for any f € (W'P()(Q))*, there exists at least one solution u, € W1P()(Q)
of the problem (P{; ), which complete the proof Theorem 4.4 . O

O
Step 2. The a priori estimate

Lemma 4.5. Let f € L®(Q) and 0 < e < 1. If uc € WHPO(Q) is a weak solution of (P ),
then,

(4.30) 18e(Tr (ue))lloo < [1flloo-
Forany k > 1, there exists a constant C > 0 not depending on k, such that
(4.31) VT (ue)llp() < Co-

Proof. By using the test function ¢s5. = {Tkﬂg(ﬁe (T (ue))) — T(Be(T1(uc))) | in (4.13)

SR

where § > 0, one obtains

/&(T;(ue))soa,edﬂ/a(%ue,Vue)cha,eder/ge(w,ue,Vue)soa,edx
Q € Q Q

(4.32) +e/ |u€|p($)_2u6<p5,€dx:/fgo(;’edm.
Q Q

L(BUTL (u)) Ve ik < |Be(Ts (ul))] < k+36,
Since Vs, =

0 elsewhere
and j. is nondecreasing, by using (3.5), one gets

1
/ a(x, e, Vue) Vs cdx = 5/ a(z, ue, Vue) BT (ue))Vuedz > 0.
Q Q ©
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Observing that ¢s . has the same sign as u., one deduces from (3.9) that

/ gﬁ(x7u67vue)805’5d.’l} Z 0.
Q
Then,
/ﬁe(T%(ue))Sozs,edmg/f@&yed.’t.
@ Q

Therefore,

/ ﬁe(T%(ue))goﬁ,ede/55(T%(u6))506,5d$§/f@é,edi&
{k+0<[Be(T1 (ue)) 1} Q Q

Since 5. = 0 on the set {| 8 (T (ue))| < k} and |ps.| < 1, one has

1

(4.33) =
0 Je+s <18 (71w}

5Ty (w))osedo < [ flde.
{kSIﬁG(T%(ue))\}

Since k < [Be(T1 (uc))| on the set {k + 6 < |Be(T'1(ue))|}, one has

kmeas{k + & < |Be(T1(uc))|} < / 1Be(T (ue))|da

{k40<Be (T (ue)) [}

1
<5/ Be(Ts (u)
{k<IB(T1 (ue))]}

| Tus (T3 (00) = T(B(T (w0 o

<

/ \flda
{R<18(Ts ()}

< I fllzoe (@ymeas{k < |Be(Tx (uc))l}-
Letting 6 — 0 and choosing k > || f|| L~ (q), one obtains
kmeas{k < [B(Tx (uc))[} < [|f]|oe(@ymeas{k < |Be(Ty (uc))l}-
It follows that meas{k < |Bc(T1 (uc))|} = 0 for any & > || f||z(q). Thus,
[[Be(Tx (ue)) | 2= (0) < |1 flLo<(0)-

Taking T} (u.) as a test function in (4.13), one obtains

[ Bt @ Teude + [ gV Tildde + e [ a0 T () ds
Q ¢ Q Q

+/Qa(1:,u€,Vue)VTk(ue)dx:/Qka(ue)d:c.

As the first tree terms of the left-hand side of the above equality are positives, one has

/Qa(x,ue,VuE)VTk(ue)dwz/

a(x,ue,Vue)VTk(ue)dxg/ka(ue)dx.
{luc|<k} Q

From (3.5), one deduces that

[ 197 par < Hlll=.
Q A
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Using Proposition 2.1, it follows that

Ell flloo
VT, < e,
where
{ P4 i ([ VT (ue) ) <1
"Y =
p_ if ||VTk(u€)||p(,) > 1.
Therefore,

||VTk(u()||p() < 02 for all k£ > 1,

=

where C5 := (k|];|oo> w'

Lemma 4.6. If u. is a solution of (P} ), one has

(434 (T = wytde < [ (1) *da.

Proof. Applying the test function ¢ = H; (3. (T (ue)) — k) in (4.13), one obtains

/ Be(T% (UE))HEL(ﬁe(T% (ue)) — k)da +/ a(x,ue»v“e)VH;(ﬁe(T§ (ue)) — k)dx
Q Q

—|—/ ge(x, ue, Vue)ng(ﬁe(T; (ue)) — k)dx + e/ |u6|p(“‘)_2u€H§r(ﬁe(T; (ue)) — k)dx
Q ¢ Q ©

= [ 8 (T (u) ~ e
Since f, is nondecreasing, using (3.5), one gets
/ als e, Vu) (H ) (B (To () — k)B(Ts (1)) Vaedar > 0.
0 < <

Using the sign condition on g, one has

[ 9w Va1 (5T (1)~ Ry > 0

Q
One also has
¢ / 1o P20, HF (Bo(Ts () — B}z > 0.
; L

Therefore,
[ BT 0) = DH (BT w0) = Wi < [ (7= WE (5T (w)) - K.
Q Q

Letting 6 — 0 in the inequality above, one obtain

(4.35) | 3t =0y de < [ (5= r)*a.

Q
Reasoning similarly, one obtains

(4.36) /Q(Be(T% (ue) + k) dx < /Q(f + k) dx.
By combining (4.35) and (4.36), it follows (4.34).
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Proposition 4.5. [28] Let u, be a weak solution of (P} ). For any k > 0 large enough, one has
[EaAlR

(4.37) meas{luc| > k} < S B RN
and
(4.38) mew{we| > ’“} < T+ min{ﬁe(k{”lﬂe(—k)IF

where C is a positive constant.
Step 3. Convergence results

Proposition 4.6. Forany k > Oand f € L>®(Q), if u. € WLr()(Q) is a solution of problem
(P§5,), then, there exists b € L>(Q2) such that

(4.39) Be(T1 (ue)) — bweakly-*in L*°(Q2) as ¢ — 0.
Proof. Thanks to (4.30), there exists b € L>(2) such that (4.39) holds. O

Proposition 4.7.

(i) Foranyk >0, Ty(ue) — T(u) in LP (Q) and a.e. in Q, as ¢ — 0.
(ii) There exists u € T4P()(Q) such that v € dom(f) a.e. in Q and

Uue — u in measure and a.e. in ), as e — 0.

Proof. 1t follows from (4.31) that the sequence (VT (u.))co is bounded in LP()(Q). There-
fore, the sequence (T} (u.))c>o is bounded in W1P()(Q). Then, there exists a subsequence
still denoted (T} (u.))c>0 and a measurable function ¢}, € W'»()(Q) such that

{ Ti(ue) — o in WL (Q) as € — 0,

4.40 _
(440 Ti(ue) = o in LP () and a.e. in N as e — 0.

The sequence (u. )0 is a Cauchy sequence in measure in €.
Indeed, let s > 0 and set E., = {|ue,| > k}, Ee, = {Jue,| > k} and E., o, = {|Tk(ue,) +
Ty (ue, )| > k}, where k > 0 is a real number to be chosen later.
One has
{Jte, — Ue,| > s} C Ec, UE,, UE, ,,

which implies that

(4.41) meas{|ue, — Ue,| > s} < meas(E, ) + meas(E,,) + meas(E, ,)-
Let 6 > 0. By using (4.37), there exists ko = ko(6) such that
(4.42) Vk > ko(0), meas{|ue, | > k} < g and meas{|u,| > k} < g

Since the sequence (T} (u.))c>o converges strongly in L? (), then it is a Cauchy sequence

in L? (Q). Consequently, for any s > 0 and 6 > 0, there exists ng = ng(6, s) such that :
Ve, €o > ng, one has

1 1

(/Q i (er) = Tk<u62)lpdx> " (985>

Then, one deduces that

1 _
(4.43) meas(Ee, ,) < pff / [Tk (tey) — Ti(ue,)|P da <
Q

w| >
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Now, we fix k = ko(6) and ng = no(0, s). One can deduces from (4.41) and (4.43) that
meas{|ue, — ue,| > 0} < 6 for any €1, €2 > ng,

which means that (u.)e>¢ is a Cauchy sequence in measure and there exists a subsequence
still denoted (u.)eso and some measurable function u such that

u. — u a.e. in .

Hence, 0, = Ti(u) a.e. in Q and so u € THP()(Q). Therefore, Tj.(u) € domp a.e. in § for
any k > 0. Consequently, v € dom/ a.e. in 2 (see [3]). |

We need the following strong convergence results.

Proposition 4.8. If u, is a solution of the approximate problem (P75 ), there exists a measurable
function w and a subsequence of (ue)e>o such that

(4.44) T (ue) — T (u) strongly in WP (Q),
(4.45) Vu, — Vuae. in €,

(4.46) a(, ue, Vue) — al(z, u, Vu) weakly in (L¥ ) (Q))N
and

(4.47) ge(x, ue, Vue) — gz, u, Vu) strongly in L*(Q).

Proof. For any k > 0, we shall use as test function

e = o(Tk(ue) — Ti(u)),

o(s) = se” and a = (b(/\k)>2

where

It is well known (see [10], Lemma 1) that

RULIPEIE

Taking in (4.13) the test function ¢, one obtains

/ﬁe(T;(ue))cpde+/a(:r,ue,Vue)Vgoedx—l—/ge(x,uE,Vue)goedx
Q ¢ Q Q

v [ @ ode = [ o
Q Q
Since g.(z, ue, Vue)pe > 0and Be(T1 (ue))pe > 0 on {|ue| > k}, one deduces that

(4.48) o' (s) %,

/ Be(T;(uE))cpgdm—&—/ a(x,uE,Vue)Vgoﬁdx—i—/ e (X, ue, Vue)pedr
{Juc|<k} ‘ Q {Juc|<k}
(4.49) —I—E/Q|u6\p(”)_2u6<pedx§/Qfegoedx.

Since |u [P =1 — [u[P@)~1in LF'()(Q) and ¢, — 01in L>®(Q) as € — 0, one has

e/ |u5|p($)*2u€<p€dx ge/ |u5|p($)*1|<p€|dx
Q Q

—0ase—0.
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Then, one can write
(4.50) € /Q [P P ucpedz = ' (e),

where 7' () is a sequence of real numbers which converges to zero as € goes to 0. In the
sequel we will denote by 7°(¢€),i = 1,2, ... such sequences.
According to Lebesgue generalized convergence Theorem, one has

(451) /Q foeds =1 (e).

Since the sequence (X {|u, |<k}Be(T1 (te)))e>0 is uniformly bounded, one deduces from the
Lebesgue dominated convergence theorem that

(452) | sr e =)

{Juc|<k}
We now define, for any s and k in R, with k& > 0, Gi(s) = s — Ti(s). Then, using the
assumption (3.8) and the definition of function G(.), one can decompose the second term

of (4.49) as follows.

/Qa(x,ue, Vaue) - V(Tk(ue) — T (w)) ' (Ti(ue) — Tr(u))dx
= /Qa(%Tk(ue%VTk(ue)) V(T (ue) — Ti(u) @' (T (ue) — Tio(u))dz

(4.53) + /Q a(z,ue, VGi(ue)) - V(T (ue) — Tr(u)) @' (Ti(ue) — Ty (u))da.

Since VT},(ue) is zero where VG, (u.) is different to zero, and conversely, one has

/Qa(a:,ue, VGi(ue)) - V(T (ue) — Ti(u) @' (Ti (ue) — Ty (u))dz

- —/ o, ue, VG (ue) - VT (w)g! (Ti(ue) — Th(w)do.
Q
Since VT (uc) = 0 on the set {|uc| > k}, one has
VTk(u)X{lug\Zk} — 0, ae. inQase— 0.

Using the fact that VT (u.) € (LP'()(€2))N, one deduces from the Lebesgue dominated
convergence theorem that

VT (u)X{ju. >k} — 0 strongly in (Lp,(')(Q))N, as e — 0.
Having in mind that (a(z, uc, VG (u.)))es0 is bounded in (LP'()(2))N, one obtains

(4.54) / a(, e, VG () - V(Ti(ue) = To(w))g' (T (ue) — Ti(u))dz = i*(e) — 0.

Now we decompose the second term of (4.53) as follows.

/Qa(:c,ue, Vaue) - V(Tk(ue) — T (w)) ' (Ti(ue) — Tr(u))dx
=/Q[a(%Tk(ue%VTk(ue))—a(fﬂka(ue)aVTk(u))]'V(Tk(ue)—Tk(u))SD/(Tk(ue)—Tk(u))dx

—I—/Qa(x,Tk(ue), VT (u)) - V(Tk(ue) — Ti(w)@' (Tk (ue) — Ti(u))dx.
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Since Ty (u.) converges weakly to T (u) in Wol’pl(') (Q)ase— 0, lin% O (Tp(ue) —Ti(u)) =0
e—

and as the sequence (a(z, Ty (uc), VTi(u)))eso is bounded in (LP'()(92))N, one deduces
that

(4.55) /Qa(ﬂ% T (ue), VTi(w)) - V(Tio(ue) — Tio(u)@' (Tho(ue) — Tio(u))dz = ' (e).

Thus, putting together (4.54) and (4.55), follows

(4.56) /Qa(%ue’ Vue) - V(T (ue) — Ti(w) @ (Ti (ue) — Tii(u))dz =

/Q[a(% Tk (ue), VTi(uc)) — a(w, T(uc), VTi(u)] - V(Th(ue) — The(u))' (Tk (ue) — Ti(u))dx

+1°(e).

On the other hand, one has

’/ Ge(,ue, Vue)peda S/ |ge (2, ue, Vue)||pe|d

< b(k) / (c() + [V T () ") el

Since ¢ belongs to L!(f2) and lin% e = ¢(0) = 0, one has
e—

(4.57) /Q ()| peldz = 7°(e).

Then, using (3.5), one has
(4.58)

' / Je (1'7 Ue, Vue)saedx b(k)
{lue|<k}

< T/Qa(l'aTk(Ue),VTk(ue)) . VTk(UE)‘ﬁde;U +775(6).

Now we adding and subtracting to the above inequality the term

b(k)

[ ale (w0, 9T w) - T (Ti) = Tl o

to obtain
(4.59)

‘ / e (X, ue, Vue)pedr
{luc|<k}

< @/ (a(iﬁ,Tk(Ue),VTk(ue) - a(m,Tk(uE),VTk(u)> V(T (ue) — Tx(u))|pe|dx

N Q
+b(Tk /Q a(x, Ty(ue), VT (w)) - VT (u)|pe|dz +n°(e).

N

Since (a(x, Ty (uc), VT (1)))eso is bounded in (LF'O)(Q))N and ¢, converges to zero as
€ — 0, one has

b(k)

L [ ol D), VI - VT de = 1)
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Then, one deduces that

’ / gs(xvusavue)saedx
{lue|<k}

<40 [ (0o, Tu(u), 9Tu(u) ~ oo, Til0). VT )
XV (Tis(ue) — Ti(u))|pe|dz +n"(e).
Putting (4.49) and (4.60) together, one deduces that

(4.60)

/Q[a(x’ Ty (uc), VT (ue)) — alz, Ti(ue), VI (w))] - V(Ti (uc) — Ti(u))

(@61) <l ~ oo < v )

Then, using (4.48), one obtains

0< %/Q[a(x,Tk(ue),VTk(ue)) — a(z, Ti(ue), VTk(w))] - V(Ti(ue) — Ti(u))dz < 0’ (e).
Therefore,

(4.62) lim [ [a(x, T (ue), VI (ue)) — a(x, Tk (ue), VI (u))] - V(Tk(ue) — Tx(u))dz = 0.

0 /g

Using Lemma 3.3, as ¢ — 0, one has

(4.63) Tr(ue) = Ti(u) in WHPO(Q).

The strong convergence of T}, (ue) implies that for some subsequence, still denoted by u.,
Vu. — Vua.e. in Q.

Since the functions a(z, .,.) and g(z, ., .) are continuous for a.e. x in €, one has

(4.64) a(z, ue, Vue) = a(z,u, Vu) a.e. in Q
and
(4.65) ge(x, ue, Vue) — g(x,u, Vu) a.e. in Q.

Since (a(z, uc, Vue))eso is bounded in (LP' () (Q))VN, using (4.64) and Lemma 2.1, one gets

a(x, ue, Vue) — a(z, u, Vu) weakly in (L”/(')(Q))N ase — 0.

Remark 4.2. One can also deduce from the above step that
€|uc[P®2u, — 0 a.e.inQase — 0.

Note that the above strong convergence is not sufficient to pass to the limit, so we need
the following results.

Proposition 4.9.

(4.66)  gc(x,uc, Vue) — g(x, u, Vu) and elu [P ~2u, — 0 strongly in L*(Q) as € — 0.
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Proof. One has

ge (2, ue, V) — g(x,u, Vu) and e|u|P® 2y, — 0 a.e. in Q.

According to Vitali’s theorem, it suffices to show that the sequences (g.(z, ue, Vuc))eso
and (e|u|P(®)—2 u6)6>0 are uniformly equi-integrable.
Taking ¢ = T4 (u — T}, (u.)) as test function in (4.13), one gets

(4.67) /ﬁe (ue)) T (u n(ue))dﬂch/ a(w, ue, Vue). V[T (ue — Ty (ue))]de
Q
+/ ge(@,ue, Vue)Th (ue — T (ue))dz + 6/ |u€\p(3")_27vL€T1(u6 — T (ue))dx
Q Q

JTi(ue — Ty (ue))de.
Q

Since T’ (ue — Ty (uc)) has the same sign with u. and VT (ue — Ty (te)) = VUeXn<u, <nt1]s
the first and the second terms of (4.67) are nonnegative. Then, one deduces that

/ ge(x, ue, Vue) T (ue — T (ue))dx + e/ \u5|p(””)*2uET1(u€ — T (ue))dx
{lue|>n} {

|ue|>n}

<[ s
{luel>n}

Since {|ue| > n+ 1} C {|ue| > n}, one deduces from the above inequality that
/ 19e (%, ue, Vue)|dz + e/ ue[P™ " de < || fl|omeas({|uc| > n}).
{lue|>n+1} {|ue|>n+1}
Since meas({|ue| > n}) — 0as n — oo, one deduces that
lim limsup </ |ge(x, e, Vue)|dz + 6/ |u6P(ac)—1d$) =0,
n—=o0 0 {Juc|>n+1} {luclzn+1}
thus, for any v > 0, there exists h(y) > 0 such that

(4.68) / \ge(:c,ue,VuE)\dx—Fe/ e |”(’”) ldx l
{luel>h(v)} {luel>h(~)}

[\')

For any measurable subset A C (2, one has
/ |ge (2, ue, Vue)|do + 6/ |u6‘p(x)—1d;¢ < b(h(¥)) / (Clx) + |VTh(w)(ue)|”<$))dx
A A A

+ / 192 (2, e, V)| da
{lue|>h(~)}

+ [ Moy w9 o
A

(4.69) +e / e [P L d.
{Jue|>h(x)}
According to (4.44), there exists 6(y) > 0 such that, for all A C 2 with meas(A) < 6(v),
@) o) [ (€ Ty )+ e [ e < ]
A A

Combining (4.68), (4.69) and (4.70), one has

@71) [ latw e Vudldz + e [ up o <o,
A A
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for all A C Q such that meas(A4) < 0(y).

Now, we conclude that the sequences (g.(x, e, Ve))eso and (€ue|P®2u,) o are equi-
integrable. Then, from Vitali’s theorem one deduces (4.66).

Based on the above convergence results, we pass to the limit in (4.13) as ¢ — 0 to get

/bcpdx—l—/a(m,u, Vu)Vgodx—l—/g(x,u,Vu)cpdx:/fcpdx.
Q Q Q Q

We conclude the proof of Theorem 4.3 by writing v € D(8) and b € §(u) almost every-
where in € (see [3]). ]
4.2. Proof of the case f € L'(Q).

This section is devoted to the proof of Theorem 4.3, Theorem 5.5 and Theorem 5.6 for the
case where the datum f belongs to L!(12). To this end, we divide our arguments into sev-
eral steps.

Step 1. The approximated problem For each n € N, we consider the following approxi-
mated problem.

Buy) — diva(z, un, Vuy) + g(x, upn, Vuy) 3 fr, in Q,

(P, )
a(x, un, Vuy) -v=0 on 012,

where f,, is a sequence of L>-functions which converges strongly to f in L!(2) and | f,,| <
| |- For example, one can choose f,, = T,,(f).
Thanks to Section 4, there exists a solution (u,,, b,) € WP (Q) x L>°(Q) of (Pf. ) such
that
(4.72) / bnpdx + / a(x, Uy, Vu,)Dpdx + / g(x, Uup, Vuy, ) pdr = / Sfnpdz,
Q Q Q Q
for all o € WHP()(Q) N L>®(Q).
Step 2. The a priori estimates

Lemma 4.7. Forn € N, let (up,b,) € WL (Q) x L>(Q) be a solution of (P{. ).
For any k > 1, there exists a constant Cy > 0 not depending on k such that

(4.73) IV T (1)) < Cak™
and
(4.74) bnll 1) < 11 fllLr)-

Proof. Taking Ty (u,) as a test function in (4.72), one obtains

/bnTk(un)dx—l—/a(m,umVun)VTk(un)dx—é—/g(x,un,Vun)Tk(un)dx
Q Q Q

(4.75) = /Qka(un)dx

Since the first term on the left hand side of (4.75) is nonnegative and g verifies the sign
condition, from (3.5), one deduces that

N Ellfllz @)
Tk(u, p() gp < L NETGY
9Tk e < S

Using Proposition 2.1, one gets

kI fllLv e

3
IVTkun )l < ——
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Then,
IV Tk (un)||pe) < Cok™ forall k > 1,

1
1
where C := (I‘flf\l(m>

Since | b,Tk(un)dx > 0and [ g(x,un, Vuy)Tk(u,)dz > 0, we deduce from (4.75) that
Q Q

Q Q

Dividing the above inequality by k& > 0, one obtains

1
[ by Buwn)de < 1 Flzsco
Q

1
Since b,, € B(u,) a.e. in  and khm ka(un) = sign,(un,), we pass to the limit as & — oo
— 00

to get
/ Ibuldz < [[fll21 -
Q

Step 3. Basic convergence results and Passage to the limit

Lemma 4.8. For n € N, let (uy,b,) € WP (Q) x L>() be a solution of (P}, ;). Then, as
n — 0o, one has

(4.76) by, — bweakly in L*(9),

(4.77) Uy, —> u a.e. in €

(4.78) Te () — Ty (u) in WHPO(Q),
4.79) Te(un) = Ti(u) in LPY(Q) and a.e. in Q.

Proof. Let (ug,, b,) be a solution of the following problem.

n’»-n

Be(T1(us)) — diva(z, us, Vus,) + g(z,us, Vus) = fr, in
a(z,ug,Vus,) v =20 on 0Q.

The proof of (4.76) follows the same line as in [3].
From Lemma 4.6, one has

4. (T (uf))| — k)Td | — k) tda.
(4:80) [0 =0y de < [ (14,0 da
Since g (T% (uf,)) = by, in L () as € goes to 0, one gets

4.81 by| — k)tde < | — k) da.
) PR KTARE
Remark 4.3. One has

(4.82) klim meas({|fn| > k}) =0,

(4.83) khm (|ful = k)tdz =0
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and

(4.84) klim kmeas({|b,| > k}) = 0.
—00

Indeed,

since/ | frldx < / | fldz = ||f||1, passing to the limit as k — oo in the inequality
Q Q

meas({1fu] = 1) < [ |fulda.

one obtains (4.82).
Since A := (fn)nen C LY(Q) and |f,| < |f| € L*(Q) for any n € N, according to Proposition
2.4, the sequence ( fr)nen is uniformly integrable.

/ (1l - k) da = / Falda — kmeas({| fu > K})
Q

{lfnl=k}
< / | Fulde
{|fn]>k}

< SUP/ ‘fn|dz
fn€AJ{|fnl>k}

Then, passing to the limit in the above inequality as k — oo, one deduces (4.83).

Claim: The sequence (b,,),en converges weakly to a function b in L (2) as n — oo.
Indeed,

/ |by|dx = / (|bn| — k) Tdz + kmeas({|b,| > k})
{Ifnlzk} Q

< /(Ifnl — k)*dz + kmeas({|b,| > k}).
Q
Using (4.84), one has

lim sup (/ bndx) =0.
o0 fueF N {12k}

Therefore, the sequence (b, )nen is uniformly integrable. Then, one can deduce from The-
orem 2.2 that it is relatively weakly compact in L' ().
Therefore, one deduces that there exists a subsequence still denoted (b,,),en such that

b, — bweakly in L' (Q) as n — oo.

Thanks to (4.73), the convergences (4.77), (4.78) and (4.79) hold (see the proofs of Proposi-
tion 4.7 and Proposition 4.8). O

Lemma4.9. For n € N, let (uy, b,) € WO (Q) x L>°(Q) be a solution of (P, ). Asn — oo,
one has

(4.85) Tio(un) — Ty (w) strongly in WP (Q),
(4.86) Vu, = Vua.e. in ),

(4.87) a(x, Up, Vuy) = a(z,u, Vu) a.e. in
(4.88) 9e(T, U, Vuy) — g(x,u, Vu) a.e. in
and

(4.89) (@, U, Vi) = a(z, u, Vu) weakly in (LP ) ()N,
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Proof. For any k > 0, we define the function
n = (T (un) — Ti(u)),

o(s) = se® and a = (b(f)f

where

By taking ¢, as test function in (4.72), we get

(4.90) /bngpndx—F/ a(x,un,Vun)VgpndJ;—l—/
Q Q

g(xau’ruvun)(pndx:/fn‘pndx-
Q Q

Let us denote by n'(n), n%(n), ..., various sequences of real numbers which converge to
Zero as n — oo.
Since ¢,, — 0in L>=(Q) and f, — f in L'(Q) as n — oo, one has

/ fn‘pndx = 771(”)
Q
As

(4.91) /bngond:cz/ bngpndx—F/ bnndx
Q {lun|<k} {lun|>k}

and b,, € S(u,), the second term of (4.91) is nonnegative.
Notice that the function x|, |<x}bn is uniformly bounded, then we can use the Lebesgue
dominated convergence theorem to get

/ bupnds = 12 (n).
{lun|<k}

Therefore, one deduces from (4.90) that

(4.92) /Q a(x, Uy, Vg )Vopdr + /Q 9(, U, V) ondr < n*(n).

Reasoning similarly as in the proof of Proposition 4.8, one deduces that

(4.93) lim Q[a(x,Tk(un), VTi(upn)) — a(x, Ti(un), VIR(w))] - V(Tk(uyn) — Tk(u))dx = 0.

Using Lemma 3.3, one has
Tio(un) — Tio(u) in WHPO(Q),
thus,
Vu, — Vua.e. in Q.
One also deduces that
a(x, Up, Vi) = a(z,u, Vu) a.e. in

and
gn (T, up, Vuy) = g(z,u, Vu) a.e. in .

N

Since the sequence (a(z, ty, Vi ) nen is bounded in (LP'¢)(€2))V, one has

a(x, up, Vu,) = a(x, u, Vu) weakly in (LY @),

Proposition 4.10. If u,, is a solution of (P}, 5), then
(4.94) In (2, U, Vuy) — g, u, Vu) strongly in L*(Q).
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Proof. Since g, (x, un, Vu,) — g(z,u, Vu) a.e. in 2 as n — oo, thanks to (3.10), it suffice
to prove that g(z, u,, Vu,) is uniformly equi-integrable.
For any measurable subset E of 2 and for any m € R™, one has

/ (g0 (2 1, V)| dir = / 90 (2, 0y V)| + / 90 (2 0, V)|
E En{|un|<m} En{|un|>m}
- / 190 (2, T (1), DTy (1)) + / 190 (2 4, V) |z
En{|un|<m} En{|un|>m}
< b(m)/ (0(37) + ‘VTm(un”p(I))dx +/ |gn(x7un7 Vun)|d$
E En{|up|>m}
(4.95) =Ly + L.

For fixed m in N, one has

Ly < b(m) /E (C(@) + [V T (1) P )diz,

which is small, uniformly in € for fixed m when the measure of E is small (remark that
(VT (un))nen converges strongly in (LP() ()Y as n — o).

We treat the second term of (4.95) by using the test function S, (u,,) in (4.72), where for
m > 1, .5, is defined as follows.

Sm(s) =0, if |3| <m-—1,

Sm(s) = L if [s] > m,

Si(s)=1, ifm—1<|s| <m.
It follows that

/bnSm(un)dx+/a(m,un,Vun)VunS,’n(un)der/g(x,un,Vun)Sm(un)dx
Q Q Q

::/QfSﬁ(mﬁdm

Using fact that the function j,, o T1 is nondecreasing, Sy, is increasing on {m —1 < |u,| <
m} and g, verifies the sign condition, one deduces that

/ a(x, Un, V) Vupde —|—/ l9(x, un, Vuy,)|dx
{m_lglunlgm}

{lun|>m—1}

gt/ |fnlda.
{lun|>m—1}

Using (3.5), one obtains
/\/ \Vun|p(r)dm+/ lg(z, up, Vuy,)|dz
{m—1<[un|<m} {Jun|>m—1}
(4.96) g/ a(:v,un,Vun)Vundx+/ lg(z, up, Vu,)|dx
{m—1<]un|<m} {Jun|>m—1}
</ fulde.
{|un|>m—1}
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It follows that

/ 19 1, Vi) |da < / \fld,
{lun|>m—1} {lun|zm—1}

then

limsup/ l9(x, un, Vuy,)|dz < / |fldz.
{Jun|>m—1}

n—00 {lu|>m—1}

Thus, L, is also small, uniformly in n and in E when m is sufficiently large and one
deduces that g,,(x, up, Vu,) is uniformly equi-integrable in €.
In view of Vitali’s theorem, one has

Gn (2, U, Vi) — g(x, u, Vu) strongly in L' (Q).

O

Thanks to the above convergences results, one can pass to the limit in (4.72) as n — oo to
obtain

/bg@dz+/a(x,u,Vu)Vgpd:c—!—/g(:z:,u,Vu)cpdx:/f(pdx,
Q Q Q Q

for any ¢ € WP (Q) N L>®(Q). O
5. EXISTENCE OF ENTROPY AND RENORMALIZED SOLUTION

5.1. Existence of Entropy solution.
Here, we present our second main result. We prove the existence of entropy solutions of
problem (P ;) for any datum f in LY().

Theorem 5.5. For f € L'(Q), there exists at least one entropy solution (u,b) € TPL)(Q) x
L*(Q) of problem (P{ 5) in the sense that b(x) € B(u(x)) a.e. in Q, g(z,u, Vu) € L'(Q) and

/ bTy (u — v)dx + / a(x,u, Vu) DTy (u — v)dx + / g(x,u, Vu) Ty (u — v)dx
Q Q Q

(5.97) < / fTi(u —v)dz,
Q

for any v € WLPL)(Q) N L>2(Q).

Proof. Let us consider the approximating problem (P ;) and its sequence of solutions
(tn, by,) defined as in Section 5. For any v € W2()(Q) N L>(Q), taking T}, (u,, — v) as test
function in (4.72) and setting M = k + ||v||oo, One obtains

/ b Ty (uy — v)dx +/ a(z, Un, V) VT (u, —v)dx —|—/ In (@, U, V) Tk (uy, — v)de
Q Q Q

(5.98) = /anTk(un —v)dz.
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Notice that if |u,| > M, then |u, — v| > |up| — ||v]|c > k. Therefore, {|u, —v| < k} C
{Jun| < M}, which gives

a(x, Up, V) VT (u, —v)dx
Q

= /Qa(:c,TM(un),VTM(un))(VTM(un) — VU)X {up—v|<k}dT

= /Q(a(x,TM(un), VT (un) — a(x, Tar (un), VU))(VTas () — V)X fu, —v| <k} dT

—|—/ a(z, Th (un), V) (VT (Un) — VU)X {u, —v|<k}dT-

Q
Using Fatou’s Lemma, one gets

liminf/ a(x, Un, V) VT (uy — v)dz
Q

n—oo

(5.99) > /Q(CL(x,TM(u)7 VT (uy — a(w, Tar(u), Vo) ) (VT (u) — VU)X {u—v|<iydT

+ lim a(x, Tr (un), V) (VT (Un) — VU)X {u, —v|<k}dT-

n— oo Q

Since

lim /a(x,TM(un),Vv)(VTM(un) — VU)X {up—v|<k}dT
Q

n—oo

= / a(gm T (U‘)7 V’U)(VTM(’LL) - V’U)X{u—v\gk}dxa
Q
one deduces from (5.99), that

liminf/ a(x, Up, V) VT (uy — v)dx
Q

n—oo

> / a(z, Tar(u), Vo) (VT (uw) — VU)X fu—v|<ikyde
Q

- /Q (e, Tar (), Vo) (V1 (4) — V)X )<t

= /Qa(:n,TM(u),Vv)VTk(ufv)dx.

Since Ty (u, — v) = Ti(u — v) in L®(Q) and g, (2, un, Vu,) — g(z,u, Vu) in LY(Q) as
n — 0o, one deduces that

(5.100) / n (@, Up, Vg )T (uy, — v)de — / g(x,u, Vu) Ty, (u — v)dz.
Q Q

By using Lebesgue dominated convergence theorem, one obtains

(5.101) /anTk(un —v)dx — /Qka(u —v)dz.
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Since b, — b weakly in L'(Q) and Ty (u,, — v) = Tj(u — v) in L>®(Q) as n — oo, it follows
that
(5.102) / b Ty (uy, — v)dz — / bTi(u — v)dx.
Q Q

By passing to the limit in (4.72) as n — 0o, one obtains the entropy inequality (5.97). [
5.2. Existence of renormalized solution.

In this section, we prove that an entropy solution is also a renormalized solution of prob-
lem (P 5).

Theorem 5.6. For f € L(Q), there exists at least one renormalized solution (u, b) € WP (Q)x
L*(Q) of problem (P{ 4) in the sense that b(z) € B(u(x)) a.e. in Q, g(z,u, Vu) € L'(Q),

/bS(u)vder/ a(x,u,Vu)(S’(u)vVquS(U)Vv)dx+/g(a:,u,Vu)S(u)vda:
Q Q

Q
(5.103) :/fS(u)vdx
Q
and
(5.104) lim IVulP@dz = 0,

=400 J i< u|<i+1}

for any v € WHPL(Q) N L>(Q) and for any smooth function S € W1(Q) with compact
support.

Proof. Let us start by proving that (5.104) holds.
Let u be an entropy solution of (P 5). According to (4.96), one has

A |Vun|p(m)dx + /
{I<un |<141} Hun|>1}

l9(, U, Vuy,)|dr < / | fnlde,
{lun|>1}

thus,

)\/ |V, [P da: g/ | f|da.
{1<]un |<I4+1} {lun|>1}

Then, letting n — oo and | — oo successively, one obtains (5.104).
Let (uy,)nen be a sequence of weak solution of (4.72) and S € W°°(Q) such that suppS C
[—M, M] for some M > 0. We already know from Lemma 4.85 that

for any k > 0, Ty (u,) — Tk (u) strongly in WP (Q) as n — oo.

For any v € C§°(92), we choose S(u,,)v € WP()(Q) as test function in (4.72) to obtain

/ bnS(un)vder/ a(z, un, Vg ) (S (un) vV, + S(u,)Vo)de
Q Q

(5.105) —l—/ Gn (T, Un, Vg ) S (up)vde = / fnS(up)vde.
Q Q
Since S(u,)v — S(u)vin L>®() as n — oo, one deduces that

(5.106) /anS(un)vdx%/QbS(u)vdx,

(5.107) /g(x,un,Vun)S(un)vdx%/g(x,u,Vu)S(u)vdm
Q Q
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and

(5.108) / fnS(up)vdr — / fS(u)vdz.
Q Q

It remain to treat the second term of the left on side of (5.105).

Indeed, one has

/Qa(x, Uny, V) (S (un ) vV, + S(uy,)Vo)de

= /Q a(x, Tar(un), VT (un)) (S (un) vV Tar () + S(un)Vo)da.

Thanks to (3.6), (a(z, Tas (), VTar (tn)))nen is bounded in (LP () (Q))N and
a(x, Tar(un), VT (un)) = alz, Tar(uw), VT (u)) a.e. in Q.
Then, using Lemma 2.2, one obtains
a(x, Tag (un), Vs (un)) = a(z, Tar(u), VT (u)) weakly in (L7 O (Q))N.
Asn — 0o, one has
(S" (un ) oV Tas () + S(1n) Vo) = (S (w)oV Ty (1) + S(u) Vo) strongly in (LP' O (Q))N,
then

lim [ a(z, Tahr(un), Vs (un)) (S (un)vVTas (un) + S(un)Vo)de

n—oo Q

= /Q a(z, Tar(u), VT (w) (S (w)oV T (u) + S(u)Vo)de

(5.109) = /Qa(x,u, Vau) (S (u)vVu + S(u)Vo)dz.

Since (5.106)-(5.109) hold, passing to the limit in (5.105) as n — oo, one obtains the renor-
malized equality (5.103), which is

/bS(u)de—i—/a(;v,qu)(S’(u)vVu—i—S(u)Vv)dx—i—/g(x,u,Vu)S(u)vdx
Q Q Q

= /Q fS(u)vdx.

6. CONCLUSION

In the present article, we investigated the existence of weak and renormalized solu-
tions of a class of multivalued Neumann boundary problem governed by the general
p(.)-Leray-Lions type operator and involving a natural growth term and L' data. We
also established that a renormalized solution coincides with an entropy one. Resulting
equations are solved by approximation method and the technic of monotone operators in
Banach spaces. This contribution provides important arguments whose permit to control
the natural growth term. As far as the previous literature is concerned, a big step has al-
ready been taken (see [3]) in the study of this problem in the non-homogeneous Dirichlet
framework. The main feature of this work is the fact that its extends the study of nonlin-
ear elliptic problems into the framework of maximal monotone graph under Neumann
boundary condition in variable exponent spaces.
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