CREAT. MATH. INFORM. Online version athttps://creative-mathematics.cunbm.utcluj.ro/
Volume 34 (2025), No. 1, Print Edition: ISSN 1584 - 286X; Online Edition: ISSN 1843 - 441X
Pages 1-10 DOI https:/ /doi.org/10.37193 /CMI.2025.01.01

Forgotten Index of F* Sums of Graphs

Lju ALEX ! AND G INDULAL 2

ABSTRACT. The forgotten index is a degree-based topological index that was rediscovered in 2015 after being
largely ignored for decades. In a recent paper, Alex et al. [5] computed the Zagreb indices of F* sums. In this
paper, we determine the forgotten index of F'* sums in terms of the forgotten indices of their component graphs.
We also verified our results using basic graphs.

1. INTRODUCTION

Topological indices are numerical quantities associated with graphs that pro-
vide structural information about graphs and are preserved under graph isomorphisms.
In 1972, I. Gutman and N. Trinajsti¢ introduced the first degree-based topological index
[16]. Later, in 1975 Gutman et al. [15] introduced two more degree based topological index
to study the physical properties of compounds. The first index, which is now known as
the second Zagreb index, was studied extensively in the following years. However, the
second index, which is now known as the forgotten index, was largely ignored. In 2015, B.
Furtula and I. Gutman rediscovered the forgotten index [13] and gave it its current name.
They also studied its structural relationship and mathematical properties. Since then, nu-
merous studies have been carried out on the forgotten index, and it has been shown to be
correlated with a number of physical and chemical properties of molecules [13].

Let G = (V(G), E(G)) be a graph, then the first Zagreb index (M7 (G)), second Zagreb
index (M>(G)) and forgotten index (F(G)) are defined as follows:

Mi(G)= > de(w)?®= Y (dg(u)+da(v))

ueV(G) weE(G)
My (@)= > (da(w)da(v))
uwv€EE(G)
F(@G) = > dowy®= Y (do(u)®+dg(v)?)
ueV(G) weE(G)

Where dg(u) denote the degree of the verex u in G. For more detailed accounts of the
forgotten index, refer [1, 4, 6, 9, 14]. In 2015, a general version of Zagreb index called
generalized Zagreb indices (M, (G),a > 3) of graphs were proposed by X. Li and H.
Zhao [17, 18]. For a graph G = (V(G), E(G)), the generalized Zagreb index is defined as
follows:

Mo(G)= Y dg(u)®

ueV(QG)
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The study of graph operations is a fundamental problem in chemical graph theory. Re-
cently, several topological indices of various graph operations have been computed [2, 3,
4,8,19]. Yan et al. computed the Wiener index of four subdivision graphs S(G), R(G), Q(G),
T(G) proposed by Cvetkovic et al. [10, 20]. In 2009, M. Eliasi and B. Taeri proposed a new
operation called the F' sum, which is associated with subdivision graphs in terms of the
Cartesian product, and computed the Wiener index of the F sum [12]. Hanyuan Deng et al.
computed the Zagreb indices of I’ sums [11] in terms of its constituent graphs. Shehnaz
Akhtar et al. computed the forgotten index of F' sums [1]. In 2019, JB Liu et al. defined
the generalized form of subdivisions namely {Sy, Ry, Qk, Tx } and computed the first and
second Zagreb index of the associated Fj, sums [19]. HM Awais et al. determined the
forgotten index of the genearalized F' sums [6].

Several new graph operations associated with subdivision graphs have been proposed
recently. One of them is the F* sums [5] proposed by the authors. We also computed
the first and second Zagreb indices of F'* sums. In this paper, we compute the forgotten
index of F* sums in terms of its component graphs and illustrate the expressions with
some examples. Throughout this paper we consider only simple, finite, undirected and
connected graphs. The following sections are arranged as follows: Section 2 contains
preliminaries and basic definitions, Section 3 includes main results and illustations and
Section 4 contains the conclusion.

2. PRELIMINARIES

Let G1 = (V4, E4) be a graph. The subdivison graphs associated with G is defined as
[10, 20] follows.

(1) S(G,) is the graph obtained from G, by replacing each edge e; of G| by a path
of length 2. The collection of new vertices in S(G) is denoted by V;*. Thus the
vertex set V(S(G1)) = V1 U V;* and the edge set E(S(G1)) = {(v,h), (u,h) : e =
vu € By, h € Vi*}. S(G) is also known as edge subdivision graph.

(2) R(G) is the graph obtained from G, by replacing each edge e; of G; by a path of
length 2 and keeping the original edges of G;. That is the vertex set of R(G) is
V(R(Gy)) = V1 UV} and edge set E(R(G1)) = E(S(G1)) U Ey.

(8) Q(G,) is the graph obtained from G by replacing each edge e; of G; by a path of
length 2 and making new vertices adjacent whenever the corresponding edges are
adjacent in G;. That is, Q(G1) is a graph with vertex set V(Q(G1)) = V4 U V{* and
edge set E(Q(G1)) = {(v,h), (w,h) : e =vu € Eq,h € V*} UE}, BEf = {(uw;,u;) :
e; adjacent to e; in E1,u;, u; € Vi*} where u;, u; are the vertices corresponding to
the edges e;,¢; € Ey.

(4) T(G4) is the graph obtained from G by replacing each edge e; of G; by a path
of length 2 and making new vertices adjacent whenever the corresponding edges
are adjacent in G; also keeping the original edges in G;. That is, T(G1) is a graph
with vertex set V(T'(G1)) = V4 U Vi and edge set E(T'(G1)) = E(Q(G1)) U E.

Associated with these graphs we have F"* sum defined as

Definition 2.1. [5] Let F' be any one of the symbols S, R, Q, T, then the F* sum of two graphs G,
and Gy is denoted by G1 *r G2, is the graph with vertex set V(G1 xp G2) = V(F(G1)) x Va and
the edge set E(G1 *r G2) = {(a,b)(¢,d) :a=c € V" and bd € Es or ac € E(F(G1)) and b=
d e Va}.

For example, consider Figure 2 in which G; = P, and Gy = Ps.
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FIGURE 1. (a.)P4 *g P5(b)P4 *R P5(C.)P4 *Q P5(d)P4 *7 Py

3. FORGOTTEN INDEX OF F™* SUM

In this section we compute the expression for forgotten index of F"* sums of graphs.

Theorem 3.1. Let Gy = (V1, E1) and Gy = (Va, E2) be two connected graphs. Then

F(Gy*5 Ga) = |Vo|F(G1) + |E1|F(G2) + 6| E1|M1(Gz) + 24| E1|| Ea| + 8| Eq|| V2|

Proof. From the definition of forgotten index, we have
F(Gl *s GQ) = Z (d(Gl*SGz)(uvv))g
(u,0)EV(G1%5G2)
= Z ((d(Gl*SG2)(U,U))2 + (d(Gl*sGQ)(x7y))2)

(u,v)(z,y)EE(G1%x5G2)

Z Z d(Gl*SG2 u U)) +(d(G1*st)(u7y))2)

ueV* vye Ea

+ Z Z ((d(Gl*SGz)(%U))Q + (d(Gl*SGQ)(%U))Z)

veVa uz€E(S(G1))

Now we separately find the values of the each parts in the sum. Firstly we consider the
sum in which v € Vj* and vy € E».

ST Y ([iGresca) (w0 0))? + (d6yssen (w9)?)

u€V* vy€ By

=3 3 (st (w) + des () + (dsi () + de )]
ueVy" vye Es

= Z Z 2(ds () (W)? + (da, (v)* + (da, (9))? + 2ds () (v) (da, (v) + da, (y))]
ueV* vy€Es

Z 8| E2| + F(G2) + 4M:1(G2)] = 8| E1||Eo| + |E1|F(G2) + 4|Er [ M1(G2)
ueVy*



4 Liju Alex, G Indulal
Now for each edge uz € E(S(G1)), v € Va.

Z Z ((d(Gl*SGQ)(u7v))2 + (d(G1*SG2)(‘r’U))2)

veEVo uz€ E(S(Gh))

=3 Y [(@a @)+ (dey ) + dsi (@) ]

veEV2 uz€ E(S(G1))
ueVi,zeVy"

=Y (F(G1) +2|E1|(de, (v))* + 8| E1|dg, (v) + 8|E1|)
veVs

= [V2|F(G1) + 2| E1[M1(G2) + 16| Ev || B3| + 8| B, || V2
From the expressions, we obtain

F(G1 x5 Ga) =|Wa|F(G1) + | E1|F(G2) + 6| E1| M1 (G2)
+ 24| E4 || 2| + 8| E1 | V2|

Theorem 3.2. Let G1 = (Vi, Ey) and Go = (Va, Es) be two connected graphs. Then
F(Gy xg G2) = 8[V2|F(G1) + | E1|F(G2) + 6| E1 [M1(G2) + 24| Eq || Ea| + 8| Eq | Va|

Proof. We have,

F(Gl *R GQ) = (d(gl*Rgz)(U,U))S
(u,v)EV(G1*rG2)

= > ((d(GyarGa) (W, 0)? + (d(Gyeney) (#,9))?)

(w,v)(z,y) EE(G1xrG2)

= Y ((AGrenca) W 0)? + (dGrsncs) (1,9))?)

ueV* vy€eEs

Y0 Y ((d(Grenn) (W 0)? + (e (2,))%)

veEV2 ur€E(R(G1))

Now we separately find the values of the each parts in the sum. Firstly we consider the
sum in which v € V}* and vy € Es.

ST (A6 rene (W 0)? + (G, nea) (4 1))?)

u€V* vy€ By

Z Z [ dr(cy)(u) +da, (v ))2 + (dr(y)(w) + da, (y))ﬂ

ue Vi vyeEa

=3 3 [8+4(de, () + day (1)) + (dey () + (dy (1))?]

u€V* vy€ Es

= Z [8|E2| + 4M1(G2) + F(G2)| = 8| En||Ea| + 4|Eq | M1 (G2) + |E1|F(G2)
ueVy*
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Now for each edge uxz € E(R(G1)), v € Va.
Z Z ((d(Gl*RGQ)(u7U))2 + (d(Gl*RG2)(xvv))2)

veV2 uz€E(R(G1))

= Z Z ((d(G1*RG2)(u1 v))2 + (d(G1*RG2)(x7 ’U))2)

veEV2 uz€ E(R(G1)),u,z€Vy

+ Z Z ((d(Grer@a) (,0))? + (d(Gsp ) (2, 1))

vEV2 uz€ E(R(G1)),u€Vy,ze€Vy*
Now we calculate the expressions separately

> > ((d(Grnnca) (1, 0))? + (d(Gyepaa) (2,0))?)

vEV2 uz€ E(R(G1)),u,x€V}

=> > ((drgen) (@)? + (drcy (@))?)

vEVa ur€E(R(G1))u,z€V;

= > 4((dey ) + (de, (2))?)

veEVa ur€ E(R(G1))u,z€Vy
=4[Vo| F(Gh)

Also, consider the case where ux € E(R(G1)),u € Vi,x € V{*

> > ((d(Gyrnaa) (1, 0))? + (d(Gepas) (2,0))?)

vEVe ux€ E(R(G1)),ueVy,zeVy*

= > (drien ()2 + (day (v) +2)°

vEV2 uz€ E(R(G1)),ueVy,zeVy*

=2 > (4(dg, (1)) + (day (0)? + Ades, (v) + 4)

vEV2 uz€ E(R(G1)),ueVy,zeVy*
= 4|V3|F(G1) + 2|E1|M1(G2) + 16| E1|| E2| 4 8| E1]| Vs

From the expressions, we obtain

F(Gy*r G2) = 8|Va|F(G1) + |E1|F(Ge) + 6| E1|M1(G2) + 24| B4 || E2| + 8| E4 || Va2

Theorem 3.3. [11] Let G1 = (V1, En) be a connected graph. Then

Yo (e (w) +do, (wy) + do, (wy) + day (w)) =2 Y Ch (e (1))

uiu_j,u_jukGEl
+ Z (dg, (uj) - 1) Z da, (ul)
u; €V1 u; €Vi,uiu; € Ey

Theorem 3.4. [1] Let G, = (V1, E1) be a connected graph. Then

> (e, (w) +da, (u)))? + (da, (u5) + da, (ur))?)

uiuj-,uj-ukEEl

u; V1

= > Cho o)) + > (e, () = 1) Y (da, (w)?

quVl ujevl uievl,uiu]-eEl

+ Y de, (u))(dg, (uj) — 1) > da,(w)

u; €Vy u;€Vi,uu; EEy
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Theorem 3.5. Let G1 = (Vi, Ey) and Gy = (Va, Es) be two connected graphs. Then

F(G1xq G2) = |[Va|Ma(G1) + (6| Ea| + [Va|) F(G1) + |Er|F(G2) + (8| E2| — 2|Va|) Ma(G1)
— 4| B3| M1 (Gh) + 2M1 (G1) M1 (G2) + 2(|E(Q(G1))| — 2| Er|) M1 (G2)

+ V2| (Z ( > dal(uj)(dal(uj)—l))>
)

ui €V1 \u;ENg, (u;

+|V2( > (dGl(Ui)+dG1(Uj))dcl(ui)dG1(uj)>

Ui UG (S5

Proof. We have,

F(Gl *Q Gz) = Z (d(G1*QG2)(u7U))3
(u,v)eV(G1xqgG2)
= Z ((d(Gl*ch)(u’ v))? + (d(Gl*ch)(x,y))Q)

(u,v)(z,y) €E(G1xq G2)

Z Z d(Gl*QG2 u U)) +(d(G1*QG2)<u’y))2)

ueV vy€eEs
> > ([dGreoen (,0)* + (dgyrgaa) (,0))?)

vEV2 uz€E(Q(Gh))

First we consider the sum in which v € Vj* and vy € Es.

Z Z d(Gyxoa0) (U, (u,v))* + (d(Grxoa) (U y))z)

ueV" vyeEs

= Z Z |: dQ Gl) ‘|‘ ng (’U))2 + (dQ(Gl)(u) + dG2 (y))Q]
u€V" vy€ Ea

=Y Y [2(dg(ey) (W) + 2dg(ey) (1) (da, (v) + da, (1) + (da, () + (da, ()?]
ueV" vye Ea

= Y. 2E:(de,(p) +de (9)*+ Y 2(da,(p) +da, (9)Mi(Ga) + Y F(Ge)
e=pqEE; e=pqEEy ueVy®

= 2|Ea|F(Gh) + 4| Ea|M2(G1) 4 2M1(G1) M1 (G2) + | EL|F(G2)

For each edge uz € E(Q(G1)) and the vertex v € V5

Z Z ((d(G110Ga) (s ) + (d(Gy 2 g an) (2, 0))?)

veEV2 uz€ E(Q(G1))

= Z Z ((d(Gl*QG2)(u’ ,U))Z =+ (d(Gl*QGz)('r’v))z)

vEV2 uz€E(Q(G1)),u€Vy,zeVy*

+ Z Z ((d(Gl*QGz)(ua v))Q + (d(Gl*QGg)(xa U))z)

veV2 ur€E(Q(G1)),u,xeVy*
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Now we separately find both the expressions. First,

Z Z ((d(G1*QG2)(u7v))2 + (d(G1*QG2)(m7v))2)

veEV2 uz€ E(Q(G1)),u€ Vi, zeV*

2
> (doen(w)? + (da, (v) + do(cy) ()
veVa ur€E(Q(G1)),ueVr,zeVy*

> (da, (0)? + (da, (v) + g, (2)°
2 uz€E(Q(G1)),ueVy,zeVy*

(F(G1) + 2|E1|(dg, (v))?)

tlag

(]

=

veE

(]

=

Vs

+ > [2(dg, (ui) + da, (vi))da, (v) + (da, (w:) + da, (v:))?]
vEV2 e=u,;v;, EE(G1),ui,vi €V,

= |Va|F'(G1) + 2| E1[M1(G2) + 4| E2| M1 (G1) + [V F(G1) + 2[V2|Ma(Gh)

the second part of the sum is,

Z Z ((d(G1*QG2)(ua ,U))Q + (d(Gl*QGQ)(‘r’,U))Q)

veEV2 uz€E(Q(G1)),u,z eV

=> > ((do(en) (u) + da, (v))* + (do(ey) () + de, (v))?)

vEV2 ur€ E(Q(G1)),u,zeV*

=) > 2(dg, (u))®

veEVe \uz€E(Q(G1)),u,xeV*

+ ( > 2da, (v) (do(a,) (W) + dgay) (x))

uz€E(Q(G1)),u,zeVy*

+ ( ) ((doean) (W) + (do(ay)(x))?)

ur€E(Q(Gh1)),u,xeV*

=) > 2(dg, (v))?

veEVe \uz€E(Q(G1))u,xeV*

+ > ( > 2, (v) (de, (wi) + de, (1)) + da, (u7) + de, (ur))

wiug,ujug € Ey

+ > S (o (wi) + da, (u)® + (da, (ug) + da, (ur))?)

veVe \ujuj,ujur€E;

Where u;u; is the edge corresponding to the vertex u and u;uy is the edge corresponding
to the vertex z. Now using the expressions in Theorem 3.3 and Theorem 3.4 we can obtain
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the following.

= 2(|E(Q(G1))] — 2| Ex|) M1 (Ga)

+ 4| By (2 Y Ch e (w) + Y (e, (u) =1) > dcl(uz‘))

u; €Vy u; €Vy u; €V1,uu; €Ey

+2|V3 ( Y Chovtupden () + Y- (dey () =1) Y (dcl(uz'))Q)

u; €V1 u; €Vy u; €Vi,uiu; € Ey

UjEV1 uie\/l,uiujeEl

+2[V5| ( > de,(u)(da, (uy) = 1) > d&(”i))

= 2(|E(Q(G1))| — 2| Ex|) M1 (G2)

+ 4| Eo| ( > (e, (u)? = de, (u)*) + > (da,(w) =1) > dg, (Ui))

u;€Vh u;€Vq u; €V, usuj; €E

+ V2 ( > (e, () —de,(w)*) + > (da,(w) =1) > (dg, (Ui))2>

u;€Vq u; €Vq u; €V1,uu; €EEy

+2[V2| ( > da,(uj)(de,(u) —=1) > dg, (Ui))

u; €Vq u; €V, usuj; €,
=2(|E(Q(G1))| = 2|E1|) M1 (G2) + 4|Es| (F(G1) + 2M2(G1) — 2M1(Gh))
+ V2| (M4a(G1) — F(G1) — 4M2(Gh))

+ (V2] ( ZV ( Z( )dGl(uj)(dcl(uj) - 1)) + ZE (dcl(uz‘)+dcl(uj))dcl(ui)dcl(uj))
ui €V1 \ujENg, (u; wiuj € Ey

Thus we obtain,

F(G1xq G2) = |V2|My(G1) + (6| 2| + [Va) FI(G1) + |EA |F(G2)
+ (8| EBa| — 2|Va|) Ma(G1) — 4| E2| My (Gh)
+ 2M1(G1) M1 (Go) + 2(|E(Q(Gh))| — 2| E1]) M1 (G2)

+ Vel (Z ( > dal(u]')(dcl(uy‘)l))>
)

u; €V1 \u;ENg, (ui

u;u; €Eq

+|V2|( > (dcl(uz‘)+dG1(Uj))dG1(Ui)dG1(Uj))

]

Using the results obtained in Theorem 3.2 and Theorem 3.5 we can obtain the following
result.



Forgotten Index of F'* Sums of Graphs 9
Theorem 3.6. Let Gi = (Vi, Ey) and Go = (Va, Es) be two connected graphs. Then

F(G1x1 Ga) = [Va| My (G1) + (6] Ea| + 5|Va|) F(G1) + |Eq|F(G2) + (8] 2| — 2[V2|) Ma(Gh)
— 4| B3| M1 (G) + 2M1 (G1) M1 (G2) + 2(|E(Q(Gh))| — 2|E1|) M1 (G2)

+Vel | > Y de(uy)(de, (uy) — 1)

u;€V1 \u;ENg, (ui)

Vel | D0 (da, (w) + da, (u)))de, (ui)de, (u))

u,,ujGEl

Proof. When u € Vi* and vy € E,

Z Z (d(Gl*TGZ)(u’v))2+(d(Gl*TG2)(u’y))2

ueVi* vyeEa

= 3 > (Ao () + (digirgen (1,1))

ueV" vyeEEs

When v € V; and uz € E(T(G1)),
Z Z (d(Gl*TGZ)(U” U))Q + (d(G1*TG2)(‘TaU))2

veEVe uz€ E(T(G1))
= Z Z (d(Gl*QG2)(u’v))2 + (d(Gl*QGz)(xav))z
veEV2 ux€ E(T(G1)),ueVy,zeVy*

+ Z Z (d(Gl*QG2)(u’v))2 + (d(Gl*QG2)(xa v))z

veEV2 ux€ E(T(G1)),u,ze V)

+ > (i) (1)) + (d(Grnca) (@, 0))

veEVa uz€ E(T(G1)),u,z€Vy

Now, from Theorem 3.2 and Theorem 3.5 we get the required expression. O

The above computational procedure can be used to find the forgotten index for many
classes of graphs. As an illustration we provide the following.

Example 3.1. Let G1 = P, and Gy = P,,, n,m, > 3. Then

a. F(P, *s Py) =72mn — 78m — 74n + 74

b. F(P, #r Py) = 128mn — 176m — T4n + 74
c. F(P, xqQ P, m) = 224mn — 412m — 182n + 302
d. F(P, *r Py,) = 280mn — 510m — 182n + 302

Example 3.2. Let G1 = C,, and G2 = Cy,,,n,m > 3. Then

a F(C’n x5 Chp) = 72mn
F(C, #r Cpn) = 224mn
F(Cy, *¢q Cp,) = 128mn
(C s Cp,) = 280mn

The same class of torus grid graph 7, ., [5] can be obtained from the given operation,
Ton,m = Cy, *s Cp,. Therefore, the forgotten index of F (7, m) = 72mn.
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4. SUMMARY AND CONCLUSION

In this paper, we have computed the forgotten index of F* sums of graphs. Using the
explicit expressions, we also computed the forgotten index of some structures as well. The
computation of other topological indices of F™* sums is a problem for further research.
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