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On a Subclass of Meromorphic Functions Defined by a
Differential Operator on Hilbert Space

S. PRATHIBA and T. ROSY

ABSTRACT. In this article, we introduce and study a new subclass of meromorphic functions associated with
a differential operator on Hilbert space. Coefficient estimates, growth and distortion bounds, extreme points,
radii results, convex linear combinations, Hadamard product and integral transforms are obtained.

1. INTRODUCTION

Denote by ¥ the class of meromorphic functions f of the form

(1.1) FE) =2+ Y g
n=1

z

which are analyticin 2 = {z € C: 0 < |z| < 1}. The Hadamard product (or convolution)
[5] of functions f € £y given by (1.1) and g € Xy of the form

I =, .,
(1.2) 9(2) = -+ ; by
is defined by
1 «— N
(1.3) (F*9)(z) = +";anbnz ,z€ 9.

The function f € ¥ is said to be meromorphically starlike and meromorphically convex
of order p, 0 < p < 1if it satisfies the following conditions :

Re {— (?ﬁ;i?)} > pand Re {— (1 + Z}C,/;S))} > p, 2 € 9, respectively.

The classes of meromorphically starlike and meromorphically convex functions of order
p are denoted by .#*(p) and % (p). Moreover the function f € X is said to be
meromorphically close to convex of order § if there exist a function g € .#* such that

%e{—<'z§(lg)>}>ﬁ, 0<p<l,0<p8<1), z€ 9.

The class of meromorphically close to convex functions of order 3 is denoted by J#,(8, p).

Let 7 be a complex Hilbert space and T be a bounded linear transformation on . For a
complex analytic function f in a domain £ of the complex plane containing the spectrum
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o(T) of the bounded linear operator T, let f(T) denote the operator on H defined by the
Riesz-Dunford integral [4]

1) = 5 [ I-D )z

where [ is the identity operator on J{ and C is a positively-oriented simple closed
rectifiable contour containing the spectrum o(T) in the interior domain [6]. The operator
f(T) can also be defined by the following series [7] :

O f£(n)
14) fmy=3 O
n=0 :

which converges in the norm topology.

For f € Xy, the differential operator introduced by Deniz and Ozkan [3] was defined
as

O3 f(2) = £(2)
OXf(2) = Oaf(2) = A2 (f(2)" + (2A + 1)2%(f(2))" + 2 (2)
O3f(2) = Ox(O3(2))

OXf(2) = OA(OF ™ f(2))

where A > 0 and m € Ny = N U {0}.
For f given by (1.1), and from the definition of the operator O’ f(z), we have

(15) OLf(2) = - + D U (A maye"
n=1

where

(1.6) U™\, n) =n*"[An— 1)+ 1]™.

Definition 1.1. A function f of the form (1.1) is said to be in the class Ty, (o, p, A, T) if

@.7) (TOXA(T) = {(n = DOXF(T) + pT(OX f(T)) '} <
ITOXF(T)) + (1 = 2a){ (1 — DOX f(T) + pT(OX f(T))"}|

for0 < a <1, 0<pu<1,and all operators T with | T|| < 1 and || T|| # O, where O denotes
the zero operator on H.

Many authors [8, 10, 12, 13] have defined and studied subclasses of analytic and
meromorphic functions on the unit disk using Hilbert space operators. A new subclass
of analytic univalent functions using subordination was studied by Srivastava et.al. [15].
Generalization of results in this direction with the introduction of various operators were
carried out by various researchers [1, 2, 11, 14, 16]. This resulted in the introduction of
a subclass of meromorphic functions T,, (v, s, A, T) defined using Hilbert space operator
and have obtained the necessary and sufficient condition for the functions to belong to this
class, the distortion theorem, radii results, integral transforms and Hadamard product for
the functions in this class are examined. This class appears to be of significant with the
introduction of the Deniz and Ozkan operator to study the various results examined.
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2. COEFFICIENT BOUNDS
Theorem 2.1. A function f of the form (1.1) belongs to the class T, (o, u, A\, T) if and only if

oo

(2.8) Z[n +a—apn+ ]I\ n)a, <1-—a.
n=1
The result is sharp for the function
1 l-«a n
@9 2) = i [n+a—ap(n+ 1)]Em (A, n)z '

Proof. Let f(T) =T+ > 77, a,T". Assume that (2.8) holds. Then
ITOXF(T)" = {(1 = OFF(T) + pT(OX' f(T)) }| <
ITOXF(T)) + (1 = 2a){(p — DO f(T) + pT(OX f(T))"}|

o0

Y ol +1) = p(n+ D]E™ (A n)a, T

n=1

—|2T7'(1 - a)—

i (1—2a)(p—1)+p(l— 2a)n]\I/m()\,n)anT”H

n=1

< i[n +a—apn+1)]¥"(A\n)a, — (1 —a) <0, by (2.8),
n=1

Hence f € T, (o, pi, A, T).

Conversely, let

ITOX(T) = {(u = DOXS(T) + uT(OX F(T) '} <
ITOX f(T)) + (1 = 20){( — DO f(T) + pT(OX f(T)) H-

=[S0+ 1 = w0
n=1
<21 —«a)— Z[n + (1 —2a)(u — 1) + p(1 = 2a)n]¥™ (X, n)a, T" .
n=1

Choosing T =el, (0 < e < 1) we get

Yo ln+ 1A = W] (A, n)ane™
20 —a) =Y 0" [n+ (1 —2a)(p—1) + p(1 = 20)n] O™ (X, n)a,et?
Letting e — 1 in the above inequality, we obtain (2.8). O

Corollary 2.1. If f of the form (1.1) is in the class Ty, (c, p, A, T) then

< 1.

11—«

< >
"= v antn + e =Y
The result is sharp for the function
1 -« n
1(z) = i [n+a—aup(n+ 1)]Tm(A, n)z '
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3. GROWTH AND DISTORTION BOUNDS
Theorem 3.2. If f of the form (1.1) is in the class Tp, (v, 1, A, T) then

1 1 —«

| > — — T
O AT T YLl
and ) )
-«
T < —= T|].
OIS 157+ T smmaos T
The result is sharp for

1 l—«a
Fe) =+ [ +a— 2ap 07\ 1)

Proof. By Theorem(2.1), we have

(14+a—2ap)P™(\1) g an < E (n+a—apn+1)¥" A\ n)a, <1-—a.
n=2 =1
Therefore

l—«
1 <
10 ;a = (I+a—2ap) U™ (1)

Also, f(T) =T~! + ZZO L a,T", then

(3.11) ‘T” ZanHTll" <[f(M] < IITH + ZanIITH"

Since ||T|| < 1, the above 1nequa11ty becomes

3.12 T n < < T n
(3.12) IITH IHZa A < ||1r|\+” IIZa

n=1

Using (3.10) we get the result.
Theorem 3.3. If f of the form (1.1) is in the class T, (cv, b, A, T)) then

1 l1-a
/ r]r > —
£ ()] = ITIIZ (1 +a—2ap)P™(\1)
and 1 1
/ T < — o .
(D) < [T + (1+ o — 2ap)P™(\ 1)
The result is sharp for

-« ;
1+ a—2auTm(\1)

fe) =+

4. EXTREME POINTS

1
Theorem 4.4. Let fy(z) = — and
z

1 1-a n
fn(z) = ;+ [TL—F&—O&M(H—‘rl)]\IJm()\,n)Z ) (”Z 1)

0<a<l, 0<pu<l Then f € Tp(o, p, A, T) if and only if it can be expressed as

[(2) =307 o bnfn(z) where pu, > 0,(n=0,1,2,...)and 3" pn = 1.
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Proof. Assume that

(l—a) n
Z,unfn *+Z”" {(n—i—a ap(n+1))8m (A n) “

Then "
— m :u’n(l —Oé)
;["”_O‘M"“W A X e e )97 ()

:Z;o=1/‘n:171u0 <1
By Theorem (2.1), f € Ty, (a, 1, A, T).

Conversely assume that f is in the class T,,, (e, i, A, T) then by Corollary (2.1),

l-«o
Gn S (n+a—ap(n+1)T7"(\n)
Set
Hn = (nta- ozul(n_J;l))\I/m(/\,n) an, n =12 ..
and pio =1 =377 pin. Then f(2) =307 ) pnfu(2) € Tin(a, p, A, T). O

5. RADII RESULTS

Theorem 5.5. Let f € T, (o, i, A\, T). Then f is meromorphically close-to-convex of order 6,
(0 <6 < 1) inthe disc |z| < r1, where

(1—8)[n+ a — ap(n+ 1)]™(A,n)] =
n(l —a)

T = infp>1

The result is sharp for the extremal function given by (2.9).
Proof. 1t suffices to show that
(5.13) £/ (T)T? +1]| < 1 —4.
By Theorem (2.1),

i [n+ a—ap(n+ 1)]T™(\, n)

a, < 1.
ot l-«a
The inequality
I1£/(MT + 1 = {|Y na, T <> na, | T™ < 1.
n=1 n=1
holds true if
| T _ [n+ o —ap(n + D]P™ (A, n)
1-6 — -«
Then

||THn+1 < (1 — 5)[" ta-— Oé/.t(?’l + 1)]‘1/ (/\7”) n>1
n(l — «)
which yields the close-to-convexity of the function and completes the proof. O
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Theorem 5.6. Let f € Ty, (o, pi, A, T). Then f is meromorphically starlike of order §,(0 < § < 1)

in the disc |z| < rq, where

(1= 8)[n+a - ap(n+ ™ (A n)] 7
1-a)(n+2-9)

The result is sharp for the extremal function (2.9).

To = infnzl |:

Proof. Let f(T) =T '+ 37, a,T". Since f in T,,,(cv, p, A, T) is meromorphically starlike
of order §

Tf(T) H
5.14 — 1| <1-6.
(5.14) @) <
Substituting for f, in the above inequality,
= (n+2-06 il
. —_— <1
(5.15) > (M) i, <

n=1

By Theorem(2.1),

a, <1.

. n+a—apn+ 1)\ n
Z[ p(n+1)]W™ (A, n)

11—«
n=1

Hence (5.15) holds true if

n+2-—9¢ T+ < [n+a—ap(n+ DY™A\ n)
1-6 - l-«

That is

(1= )[n +a — ap(n + H]T™(A,n)] 7
) < [A=D e —ouln £ DWPOL0]
0

Theorem 5.7. Let f € Ty, (e, i, A, T). Then f is meromorphically convex of order 6, (0 < 6 < 1)
in the disc |z| < r3, where

1

(1= 8)n+a — ap(n + VWA, n)] 7
(I—-a)n(n+2-19)
The result is sharp for the extremal function (2.9).

T3 = infn>1 [

Proof. The proof of the result is akin to Theorem (5.5), hence omitted. O

6. CONVEX COMBINATION
Theorem 6.8. The class T, (c, i, A, T) is closed under convex combination.

Proof. Let f(T) = 4> " ganT"and g(T) = £+~ b, T" be in the class T, (o, i, A, T),
then by Theorem (2.1),
Z n+a—aun+1))P"(A\n)a, <1-—a.

and
oo

Z[n +a—au(n+D]I"(A\n)b, <1—a.
n=1

For 0 < n < 1, we define the function h as 2(T) = nf(T) + (1 — n)g(T), then
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h(T) = T-' + 220:1[77@71 + (1 = n)b,|T".

Now we obtain

o0

Z[n +a—ap(n+ DY™A\ n)na, + (1 —n)by,]

n=1
Zn—l—a—a,u(n—i— D™ (N n)a, + (1 —n Zn—i—a—a,u n+ 1D)]P™(A, n)b,
n— n=1

<pl-a)+(1-nl-a)=1-a

Hence h € T, (e, 1, A, T). a

7. INTEGRAL TRANSFORMS

We examine integral transforms of functions in the class T, (v, i, A, T) of the type
considered by Goel and Sohi [9].

Theorem 7.9. Let the function f given by (1.1) be in the class T, («, 1, A, T), then
1
F(z)= /{/ u” f(uz)du, 0 <u<1,0 <k < 0.
0

is in Ty, (I, u, A\, T') when

(1—a)(1+2n) +~&
(1+a—2ap)(k+2)+ (1 —a)(1—2u)k
The result is sharp for the function

I=1-

1 o)
1(z) = z + (14 a—2au)Tm () 1)Z
Proof. Let f € T, (c, 1, A, T). Then
1 oo
o 1
F(z):/{/o u” f(uz)du = 2 nz::m anz".

We show that

 (r(n+ T —Tu(n+1))8™(\ n)
(7.16) Z;[ Q-D(r+n+1) }G"SL
Since f € T, («, 1, A, T), we have

= [(n+a—ap(n+1)Um(\,n)

ZS{ (-a) Jor<1

The inequality (7.16) satisfies if
k(n+1I—Tun+1))
1-I(k+n+1)

(n+a—ap(n+ 1))

=T (1-a

we get

I< n+a—aun+D](k+n+1)—(1—a)kn
T Inta-apn+D](k+n+1)+ k(1 -a)l - pn+1)
(1-a)1+pn+1)+kn) .
o+ o= ap(n + DJ0s + 7+ 1)+ (1 — @) (1 = u(n + 1)

=1
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We show that the function

(1—-a)1+p(n+1)+kn)
n+a—aun+D](k+n+1)+r1—a)(1—pun+1))

is an increasing function of n (n > 1) and ¢(n) > ¢(1). The desired result is thus attained.
O

8. HADAMARD PRODUCT
Theorem 8.10. If f,g € Ty, (v, p, A, T) then the Hadamard product fxg € Ty, (I, p, A, T) where

L (1—a)?(n+1)(1—p) :
(8.17) I'=1 (1—a)2(1—pun+1)+ n+a—aun+1))2)Tm(\ n)

Proof. By hypothesis of Theorem (2.1) we have

= [n+a—apn+1D)]T™(\n
E:[ p(n+ D™ (A, n)

) <1
(8.18) > T~ an <
and

o [+ a—ap(n + 1WA, n)

) > b, < 1.

(8.19) I <

n=1

We find the largest I such that

i [n4+1—TIpu(n+1)]P"(\n)

(8.20) 7

anb, < 1.

n=1

From (8.18) and (8.19), by using Cauchy-Schwarz inequality we find that

= n+a—aun+ 1)U\ n
Z[ p(n + )W (A, n)

11—«

(8.21) anb, < 1.
n=1
We want to show that

[n+1—Tp(n+1)]9"(\n) [n+ o —aup(n + 1)]T™(X,n)

< .
-1 nbn < 1-a (nbn
(1-1Dn+a—au(n+1))
822) = Vb S T T = Tan+ 1]
Furthermore, from (8.21) we have
1-—a
823 “ [n+a—ap(n+ 1)]¥™ (A n)
Thus from (8.22) and (8.23), we show that
11—« <(1—I)[n+a—au(n+1)]
[t a—ap(n+ DO 0un) = (L= a)fn+ 1 —Iu(n+1)]
which results in
_ 2\ym _ _ 2
S Inta—opnt DY) (1 o) o

= [t a—ap(n+ DPE () + (1 - a)?[l - aln + 1))

It is seen that ¢(n) is an increasing function of n (n > 1). This proves the assertion on
letting n=1. O
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Theorem 8.11. Let the functions f, g € Ty, (e, p, A\, T). Then the function

1
q(2) = — + 307 (@, +07)2" € Tpn(a, 1, A, T) where
z

2(1 — a)?¥™(\,n)[1 — pu(n+1) +nj .
{[n+a—aun+D]P™(A,n)}? +2(1 — )20 (X, n)[1 - p(n + 1)]

Proof. If f,g € T (c, 1, A, T), then

I1<1—-

(8.24) i {[n—i—a—aul(n—l—al)]\llm()\,n)anrS1
n=1
and
2 [ [n+ o —ap(n +1)]T™(\,n) 2
(8.25) nz::l { T bn] < 1.

Combining the inequalities (8.24) and (8.25),

00 m 2
Zl [[nJra —ap(n+1)]¥ ()\,n)] (a2 +82) < 1.
= 2 11—«
We find the largest [ such that
(8.26) 3 [[” A I“(lnjll)]w (A’n)} (a2 +b2) < 1.
n=1

The inequality (8.26) holds if

[n4+1—Ipu(n+1)]2"(\n)
1-17

IA

1 {[n—ka —ap(n + 1)]E™(A,n)]>?
2 1l—«

Lr< ([n 4+ a — ap(n + 1)]P™ (A, n))% - 2n(1 — a)?T™(\,n)
" (vt a—apn+1D)Wm(A )% = 2(1 = )T (A, n)[L = p(n +1)]
2(1 — a)?2¥™(\,n)[1 — p(n+ 1) +n]

=1- ([n+ a — ap(n+ D™ (A, n))2 = 2(1 — )20 (X, n)[1 — p(n+ 1)]

9. CONCLUSIONS

The introduced subclass Ty, (e, i1, A, T') on Hilbert Space operator theory had resulted
in the study of necessary and sufficient condition for functions of the form (1.1) to belong
to this class. Distortion theorem, radii results, Integral transforms and Hadamard Product
property were examined. This also gives us the understanding that this study can further
be extended with proper analysis on various other existing operators.
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