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Uniqueness of ()-difference of meromorphic functions
sharing a small function with finite weight

HARINA P. WAGHAMORE and PREETHAM N. RAJ

ABSTRACT. In this paper, we study the value distribution and uniqueness of linear g-difference polynomial
Li(f,Eq) and its g-difference operator Ly (f,A), for a transcendental meromorphic function f having zero
order. Our results extends, improves and generalizes some of the earlier results due to Thin [Thin, N. V. Unique-
ness of meromorphic functions and Q-difference polynomials sharing small functions. Bull. Iranian Math. Soc.
43 (2017), no. 3, 629-647]; Dyavanal and Desai [Dyavanal, R. S.; Desai, R. V. Uniqueness of g-shift difference
polynomials of meromorphic functions sharing a small function. Math. Bohem. 145 (2020), no. 3, 241-253].

1. INTRODUCTION AND MAIN RESULTS

The Nevanlinna theory, or the value distribution theory, is a branch of complex analysis
that has seen extensive research work. It mainly deals with studying the distribution of
the zeros of the equation f(z) = a in a disc |z| < r, where f is an entire or meromorphic
function in the Gaussian complex plane C, z € C and a € C U {cc}. The proofs in this
paper uses the Nevanlinna theory and one can refer (Hayman [9], Yi and Yang [22], Yang
[23]) for the standard definitions and notations.

Let f and ¢ be two non-constant meromorphic functions defined in the open complex
plane. Fora € CU{oc} and k € Z* U {co}, the set E(a, f) = {z : f(z) — a = 0} denotes
all those a-points of f, where each a-point of f with multiplicity k is counted & times in
the set and the set E(a, f) = {2z : f(z) — a = 0}, denotes all those a-points of f, where the
multiplicities are ignored. If f(z) — a and ¢g(z) — a assumes the same zeros with the same
multiplicities, then we say that f(z) and g(z) share the value a CM (counting multiplicity)
and we have E(a, f) = E(a, g); Suppose, if f(z) — a and g(z) — a assumes the same zeros
ignoring the multiplicities, then we say that f(z) and g(z) share the value a IM (ignoring
multiplicity) and we will have E(a, f) = E(a,g). If % and é share 0 CM, then f and g
share co CM.

In general, for a meromorphic function f(z), the quantity m(r, f) denotes the proximity
function of f(z), while N(r, f) denotes the counting function of poles of f(z) whose mul-
tiplicities are taken into account (respectively N(r, f) denotes the reduced counting func-

tion when multiplicities are ignored). The quantity N(r,a; f) (notation interchangable

with N (r, f—ia)) denotes the counting function of a points of f(z) whose multiplici-

ties are taken into account (respectively N(r, a; f) denotes the reduced counting function
when multiplicities are ignored).

Suppose f(z) and g(z) share 1 IM and zj is a zero of f(z) — 1 of order p and also a zero
of g(z) — 1 of order ¢, then N1 (r, 1; f) counts those 1-points of f(z) and g(z), where p > q.
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N (r,1; g) is similarly defined. It is to be noted that each point in these counting functions
are counted only once.

The Nevanlinna characteristic function of a meromorphic function f plays a very im-
portant role in the value distribution theory and it is denoted by T'(r, f). Wehave T'(r, f) =
m(r, )+ N(r, f), which clearly shows that T'(r, f) is non-negative. A meromorphic func-
tion a(z) is called a small function with respect to f(z), if T'(r,a) = S(r, f), where S(r, f)
denotes any quantity, which satisfies S(r, f) = o(T'(r, f)) as » — +o0 possibly outside a

set I with finite linear measure lim [ % < .
T (1 NI
Let us recall the following standard definitions of Nevanlinna theory.

Definition 1.1. The order p(f) of a meromorphic function f(z) is defined as,

p(f) = lim log T(r, f) f)

r—oo  logr

Definition 1.2. [11] Let £ be a non-negative integer or infinity. For a € CU{oo}, we denote
by Ej(a, f) the set of all a-points of f, where an a-point of multiplicity m is counted m
times if m < k and k + 1 times if m > k. If Ey(a, f) = Ex(a, g), then we say that f and g¢
share the value a with the weight k.

The definition implies that if f and g share a value a with the weight k, then z is a
zero of f — a with multiplicity m(< k) if and only if z is a zero of g — a with multiplicity
m(< k) and z is a zero of f — a with multiplicity m(> k) if and only if z, is a zero of g — a
with multiplicity n(> k), where m is not necessarily equal to n. We write f, g share (a, k)
to mean that, f, g share the value a with the weight k. Clearly, if f, g share (q, k), then f,
g share (a, p) for any integer p, such that, 0 < p < k. Also we note that, f, g share a value
a IM or CM if and only if f, g share (a, 0) or (a, o) respectively.

Definition 1.3. [11] Let f, g share the value a IM. We denote by N..(r,q; f, g) the reduced
counting function of those a-points of f whose multiplicities differ from the multiplicities
of the corresponding a-points of g.

Clearly, N.(r,a; f,g) = N.(r,a; g, f) and N..(r,a; f,g) = Np(r,a; f) + Np(r, a; g).

Around 2006, Halburd and Korhonen established the difference analogue of the Log-
arithmic Derivative Lemma [6] and also they developed the Nevanlinna theory for the
difference operator [7] wherein they extended the classical Nevanlinna theory based on
certain estimates involving the derivative f — f’ of a meromorphic function to a theory
for the exact difference f — Af = f(z + ¢) — f(z). Their results gave the difference
analogue of the second main theorem of Nevanlinna theory, as well as the difference ana-
logues of the Nevanlinna defect relation, Picard’s theorem and Nevanlinna’s five value
theorem. Then in 2007, Barnett. et. al [2] gave the ¢-shift equivalents of the Clunie and
Mohon’ko lemmas which can be used to study value distribution of zero-order mero-
morphic solutions of large classes of g-difference equations and they proved the ¢-shift
equivalent of the second main theorem of Nevanlinna theory and Picard-type theorem
for the g-shift operator. Since that time, many mathematicians have developed a keen
interest in the study of the ¢g-difference analogues of Nevanlinna theory. We can observe
many outstanding studies on the the uniqueness of difference analogues of Nevanlinna
theory in ([3], [4], [10], [12], [14], [15], [17], [20]). One Such work can be seen in Zhao and
Zhang [25] who in 2015, proved the following results.

Theorem A. [25] Let f(z) be a transcendental meromorphic function with zero order, and let n,
k be positive integers. If n > k + 5, then [f™(2) f(qz + ¢)]*®) — 1 has infinitely many zeros.



Uniqueness of Q-difference of meromorphic functions... 203

Theorem B. [25] Let f(z) and g(z) be transcendental entire functions with zero order, and let n,
k be positive integers. If n > 2k + 5, and [f™(2) f(qz + ¢)]*) and [¢"(2)g(qz + ¢)]*) share z or
1 CM, then f = tg for a constant t with t"+1 = 1.

Theorem C. [25] Let f(z) and g(z) be transcendental entire functions with zero order, and let n,
k be positive integers. If n > 5k + 11, and [f™(2) f (qz + ¢)]*) and [g"(2)g(qz + ¢)]*) share = or
1 IM, then f = tg for a constant t with "1 = 1.

In 2017, Thin [19], by considering a general polynomial of degree n and having m
distinct zeros proved the following results.

Theorem D. [19] Let f(z) be a transcendental meromorphic (resp. entire) function of zero order,
q(# 0) and c be complex constants, and k be a positive integer, and let P(z) = a, 2" +a,—12"" 1+
... + a1z + ag be a non-constant polynomial with constant co-efficients ag, a1, ..., Gp—1,an # 0,
and m be the number of distinct zeros of P(z). Then for n > m(k+1)+5 (resp. n > m(k+1)+3),
then [P(f(2))f(qz + ¢)]"®) — a(z) has infinitely many zeros, where a(z) # 0 is a small function

of f.

Theorem E. [19] Let f(z) and g(z) be two transcendental meromorphic (resp. entire) functions of
zero order, q(# 0) and ¢ be complex constants, k be a positive integer, a(z) # 0 be a meromorphic
(resp. entire) small function and let P(2) = ap2" + an—12""' + ... + a1z + ag be a non-constant
polynomial with constant co-efficients ag, as, ..., an—1, an(# 0), and m be the number of distinct
zeros of P(2). If n > 2m(k 4 1) + 2k + 6 (resp. n > 2m(k + 1) +4) and [P(f(2)) f(qz + ¢)]®)
and [P(g(2))g(qz + ¢)]*) share a(z), oo CM, then one of the following two results holds:

(1) f(2) = tg(2) for a constant t such that t* = 1, where d = LCM{)\; : j = 0,1,...,n}

denotes the lowest common multiple of A;(j = 0,1, ...,n) and

j+17 ifaj7£03
n+1, ifa; =0.

j =

(2) f(z)and g(z) satisfy the algebraic equation R(f(z),g(z)) = 0, where
R(w1,ws) = P(wy)wi(gz + ¢) — Plws)wa(gz + ¢).

Theorem F. [19] Let f(z) and g(z) be two transcendental meromorphic functions of zero order,
q(# 0) and c be complex constants, k be a positive integer, a(z) #Z 0 be a meromorphic small
function and let P(z) = a,2" + apn—12""" + ... + a1z + ag be a non-constant polynomial with
constant co-efficients ag, a1, ..., an—1,an 7 0, and m be the number of distinct zeros of P(z). If
n > 2m(k +2) 4+ 3m(k + 1) + 8k + 21 and [P(f(2))f(qz + ¢)]® and [P(g(z2))g(qz + c)]*)
share a(z) IM, then either [P(f(2))f(qz + ¢)]® - [P(g(2))g(qz + ¢)]*) = a?(z) or one of the
conclusions of Theorem E holds.

In 2019, Dyavanal and Desai [5] extended Theorems E and F to the g-difference operator
A, f(z) = f(gz + ¢) — f(2) and proved the following theorems.

Theorem G. [5] Let f(z) and g(z) be two transcendental meromorphic (resp. entire) functions of
zero order, such that f(qz +c) — f(z) #Z 0and g(qz + ¢) — g(z) # 0, where q and ¢ are non-zero
complex constants, k, n, m are positive integers. Let a(z)(# 0) be a small function of f(z) and
g(2). Let P(2) = apz"+a,—12"" ' +...4+a1 2+ag be a non-constant polynomial with constant co-
efficients ag, as, ..., Gn_1, an(F 0) and m be the distinct zeros of P(z). If n > 2mk+2m+2k+7
(resp. n > 2mk+2m+5) and [P(f(2))(f(qz+c)— f(2))]*) and [P(g(2))(g(qz+c) —g(2))]*
share a(z), oo CM, then one of the following two cases hold:
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(1) f(z) = tg(z) for a constant t with t¢ = 1, whered = LCM{\; : j = 0,1,...,n} and

N\ — j+1, ifajsé(),
’ n+1, ifa;=0.

(2) f(z)and g(z) satisfy the algebraic equation R(f(z),g(z)) = 0, where
R(wi,w2) = P(wi)(wi(gz + ¢) —wi(2)) — P(w2)(wa2(gz + ¢) — wa(2)).

Theorem H. [5] Let f(z) and g(z) be two transcendental meromorphic functions of zero order,
such that f(qz + ¢) — f(z) #Z 0and g(qz + ¢) — g(z) # 0, where q and c are non-zero complex
constants, k, n, m are positive integers. Let a(z)(# 0) be a small function of f(z) and g(z). Let
P(2) = anz"+an_12""' +...4 a1z +ag be a non-constant polynomial with constant co-efficients
ag, a1, ..., An_1, an(# 0) and m be the distinct zeros of P(z). If n > 5mk + Tm + 8k + 25 and
[P(F(2))(F(az +¢) — F()]®) and [P(g(=))(g(qz + ) — 9(=))|*) share a(z) IM, then cither
[P(F(=))(F(gz + c) — F()]® - [P(g(2))(g(gz + ¢) — ()] ™) = a? or one of the conclusions
of Theorem G holds.

Now, let us recall the definitions of ¢g-shift and ¢-difference operator of a meromorphic
function f.

Definition 1.4. For a meromorphic function f and ¢, g(# 0) € C, let us denote its ¢-
shift, £, .f and g¢-difference operator, A, .f respectively by E, .f(2) = f(qz + ¢) and
Agef(2) = flaz + ) = f(2), Af o f(2) = AL (Agef(2)), forall k € N — {1}

In 2021, Haldar [8] defined the linear g-shift and linear g-difference operators denoted
respectively by Ly (f, E,;) and Ly(f, A), for a non-constant meromorphic function f in a
generalized way as follows

Definition 1.5. [8] Let us define,
Li(f, Eq) = ap f(quz + cx) + ap—1 f(qr—12 + cx—1) + ... + a0 f(qoz + co)

and
Lk(fa A) = akAqk,ck f(Z) + akflAqk_1,ck_1 f(Z) + ..+ aOAqo,cof(Z)7
where aq, a1, ..., @k G0, G1, -, Qi €O C1y -, C, ATE complex constants.

From above definition one can easily observe that
k
Li(f,A) = Li(f, B) = Y _ a; f(2).
=0

If we choose ¢; = ¢/, ¢; = cand a; = (—1)kJ (’;) for 0 < j < k, then Ly (f, A) reduces
Adf(2).

Now, it would be interesting to ask, (i) if the g-shift f(gz + ¢) in Theorems D, E, F and
the g-difference operator A, f=f(gz + ¢) — f(z) in Theorems G, H can be extended any
further and (ii) what happens if we consider an intermediate sharing, between CM and
IM sharing? In this paper, we try to solve these interesting questions by considering lin-
ear g-difference polynomial L (f, E,) and its ¢-difference operator L (f, A), as defined in
Definition 1.5, and we obtain Theorems 1.1, 1.2 and 1.3, which extends and generalizes the
Theorems D, E and F respectively. Also, by considering the concept of weighted sharing
introduced by Lahiri [11], we obtain Theorem 1.4 which answers the question (i) and is
an improvement of Theorem H.

The following are our main results.
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Theorem 1.1. Let f(z) be a zero order transcendental meromorphic (resp. entire) function. Let
qi and ¢; (i = 0,1,...,k) be complex constants, k,n,m,l be positive integers and let P(z) =
buz™ + bp_12" "1 + ... + b1z + by be a non-constant polynomial with constant co-efficients
bo, b1, ..o, bp—1, b (F# 0), and m be the number of distinct zeros of P(z). Then for n > 3k +
m(l + 1)+ 5 (resp. n > 2k +m(l + 1) + 3), [P(f(2)) Lr(f, E,)]Y — a(z) has infinitely many
zeros, where a(z)(# 0) is a small function of f.

Remark 1.1. In Theorem 1.1, if we take k = 0 then Ly (f, E;) = f(qoz + co) and, we get
n > m(l+ 1)+ 5 (resp. n > m(l + 1) + 3, for entire function) and hence Theorem 1.1
reduces to Theorem D.

Theorem 1.2. Let f(z) and g(z) be two transcendental meromorphic (resp. entire) functions
of zero order. Let q; and ¢; (i = 0,1,...,k) be complex constants, k,n,m,l be positive inte-
gers, a(z)(# 0) be a meromorphic (resp. entire) small function of f(z) and g(z). Let P(z) =
buz™ + bp_12" "1 + ... + b1z + by be a non-constant polynomial with constant co-efficients
bo, b1, ..., bp—1, by (F 0), and m be the number of distinct zeros of P(z).
Suppose [P(f(2))Li(f,A)]W and [P(g(2))Li(g, A)]® share a(z), co CM, and n > 2ml +
2m+ (k+2)(I +4) — 1 (resp. n > 2ml + 2m + 3k + 5) then one of the following two cases hold:
(1) f(2) = tg(z) for a constant t such that t* = 1, where d = LCM{); : j = 0,1,...,n}
denotes the lowest common multiple of \;(j = 0,1, ...,n) and

.7+17 ifaj#oa
n+1, ifa; =0.

j =

(2) f(z) and g(z) satisfy the algebraic equation R(f(z), g(z)) = 0, where
R(wl,wg) = P(wl)Lk(wl, A) — P(UJQ)Lk(CL)Q, A)

Remark 1.2. In Theorem 1.2, if we take & = 0 then Ly(f,A) = f(goz + co) — f(z) and,
we getn > 2ml + 2m + 21 + 7 (resp. n > 2ml + 2m + 5, for entire functions) and hence
Theorem 1.2 reduces to Theorem G.

Theorem 1.3. Let f(z) and g(z) be two transcendental meromorphic (resp. entire) functions
of zero order. Let ¢; and ¢; (i = 0,1,...,k) be complex constants, k,n,m,[ be positive inte-
gers, a(z)(# 0) be a meromorphic (resp. entire) small function of f(z) and g(z). Let P(z) =
bnz™ + bp_12""1 + ... + biz + by be a non-constant polynomial with constant co-efficients
bo, b1,y bpn—1,bn(# 0), and m be the number of distinct zeros of P(z). Suppose [P(f(z))
Li(f, A)]© and [P(g(2))Li(f, A)]Y share a(z) IMand n > (51 4+ 7)m + (41 +13)(k +2) — 1
(resp. n > 5ml + 6k + Tm + 11) then either [P(f(2))Li(f, A)]Y - [P(g(2))Li(g,A)]V = a?
or one of the conclusions of Theorem 1.2 holds.

Remark 1.3. In Theorem 1.3, if we take k = 0 then Ly (f, A) = f(goz + co) — f(2) and, we
get n > 5ml + 7m + 81 + 25 (resp. n > 5ml + Tm + 11, for entire functions) and hence
Theorem 1.3 reduces to Theorem H.

As a particular case of the above Theorems 1.2 and 1.3, we deduce the following corol-
laries.

Corollary 1.1. Let f(z) and g(z) be two transcendental meromorphic functions of zero order. Let
gi and ¢; (i = 0,1,..., k) be complex constants, k,n,m,l be positive integers, a(z)(# 0) be a
small function of f(z) and g(z), and o a complex constant. If n > 21 + (k + 2)(1 +4) + 1 and
[(f — )" Li(f, A)]© and [(g — o)™ Li(g, A)]Y share a(z), oo CM, then one of the following two
cases holds:

(1) f = tg fora constant t with t"** =1,
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(2) f and g satisfy the algebraic equation R(f, g) = 0, where
R(wy,w2) = (w1 — )" Lg (w1, A) — (wa — )" Li (wa, A).

Corollary 1.2. Let f(z) and g(z) be two transcendental meromorphic functions of zero order. Let
giand ¢; (1 = 0,1, ..., k) be complex constants, k,n, m, [ be positive integers, a(z)(# 0) be a small
function of f(z) and g(z), and o be a complex constant. If n > (414 13)(k+2)+ (5l +7) — 1 and
[(f — )" Li(f,A)]® and [(g — )" Li(g, A))D share a(z) IM, then one of the following three
cases holds:

(1) [(f = )" Lie(f, M)V - [(g — )" Li(g, A))D = a?

(2) f =tg foraconstant t with t" ™! =1,

(3) f and g satisfy the algebraic equation R(f, g) = 0, where

R(wl,w2) = (wl — Oé)"Lk (wl, A) — (w2 — a)"Lk(w2, A)

Theorem 1.4. Let f(z) and g(z) be two non-constant zero order meromorphic functions, a(z)
be a small function with respect to both f and g and n be a positive integer. Let P(z) = b, 2™ +
bp_12" "L +...+ b1z + by be a non-constant polynomial with constant co-efficients by, by, ..., bp_1,
bn(# 0), and m be the number of distinct zeros of P(z). Suppose if [P(f(2))Li(f,A)]Y and
[P(g(2))Li(f, A)])W share (a(z),w), where w is a non-negative integer; f and g share (co,v),
where 0 < v < oo and if n satisfies one of the following conditions:

D) n>2ml+2)+ (1 +6)(k+2)—1, whenw >2and 0 < v < o0,
(ii) n > 20k 4 9 4 (314 14) (14 &) — 1, when w =1and v =0,
(iii) m > dml + Tm + 4kl + 12k + 81 + 23, when w = 0 and v = 0,

then either [P(f(2))Li(f, A)]© - [P(g(2))Li(g, A)]D = a? or one of the conclusions of Theorem
1.2 holds.

Remark 1.4. In Theorem 1.4, if we take k = 0 then Ly (f, A) = f(qoz + ¢o) — f(2) and, we
get

i) n>2ml+4m+2l+ 11, whenw >2and 0 < v < 00
(ii) n>%M+%+3l+13,whenw:1andv20
(iii) m > 5ml + 7m + 81 + 23, when w = 0 and v = 0.

If we consider the condition (iii), it is definitely an improvement of Theorem H.

2. LEMMAS

This section provides all the necessary lemmas required to prove the theorems.
Let us define,
F"  2F G 2¢
H(FF—l)(GG—l) @1)

Lemma 2.1. [22] Let f be a non-constant meromorphic function. Then

T(r, Po(f)) = nT(r, f) + 5(r, f).

Lemma 2.2. [21] Let f(z) be a non-constant meromorphic function of zero order and let g, n be
two non-zero complex constants. Then on a set of lower logarithmic density 1, we have

T(r, flgz +n)) =T(r, f) + S(r, f).
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Lemma 2.3. [21] Let f(z) be a non-constant meromorphic function of zero order and let g, n be
two non-zero complex constants. Then on a set of lower logarithmic density 1, we have

N(r, f(gz +n)) = N(r, f) + S, f),

N (r, f(q;w) _N <r, J{) + S0 f).

Lemma 2.4. [16] Let f(z) be a non-constant zero order meromorphic function and let g, n be two
non-zero complex numbers. Then on a set of logarithmic density 1, we have

w (R HEZD) — 50,

Lemma 2.5. [24] Let f(z) and g(z) be non-constant meromorphic functions, and let a(z) (#
0,00) be a small function of f(z) and g(z). If f(z) and g(z) share a(z) IM, then one of the
following three cases holds :

(i)

o) < (1) iy 45 () 2 (8 (n2) 4 001

+ Na(r, g) + (N (7’, ;) + N(r, g)) +S(r, f)+ S(r,9)

and a similar inequality holds for T (r, g),
(ii) fg=a?
(iii) f=g.

Lemma 2.6. [13] Let f(z) be a non-constant meromorphic function and let p, k be positive inte-
gers. Then

N, ( 1) < T(r FO) = T(r, ) + Ny ( 1) S f),

2 f
1 1 _
Np T,W SNP+1€ T‘a? +kN(Taf)+S(Taf)
Lemma 2.7. [1] Let F, G be two non-constant meromorphic function. If F, G share (1,2) and
(00, k), where 0 < k < coand H # 0. Then
T(r,F) < Nao(r,0; F) + Na(r,0;G) + N(r,00; F) + N(r,00; G) + N.(r,00; F, G)
+S(r, F)+S(r,G),

where N . (r, 00; F, G) denotes the reduced counting function of those poles of F whose multiplici-
ties differ from the multiplicities of the corresponding poles of G.
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Lemma 2.8. [18] Let F', G be two non-constant meromorphic functions sharing (1,1), (o0, 0) and
H #£0. Then

() T(r,F) < No(r,0: F) + Na(r,0;G) + gﬁ(r, 00; F) + N (r, 003 G) + %N(r, 0 F)
+ Nu(r, 00 F,G) + S(r, F) + S(r, G);

(ii) T(r,G) < No(r,0; F) + No(r,0;G) + N(r, 00: F) + gﬁ(n 50 G) + %N(r, 0.)
+ Ni(r,00; G, F) + S(r, F) + S(r, G).

Lemma 2.9. [18] Let F', G be two non-constant meromorphic functions sharing (1,0), (oo, 0) and
H #£0. Then

(i) T(r,F) < Ny(r,0;F) + Na(r,0; G) + 3N(r,00; F) + 2N (r,00; G) + 2N (r, 0; F)
+ N(r,0;G) + N.(r,00; F,G) + S(r, F) + (r G);

(ii) T(r,G) < Na(r,0; F) + No(r,0; G) + 2N (r,00; F) + 3N (r,00; G) + N(r,0; F)
+2N(r,0;G) + N(r,00; G, F) + S(r, F) + S(r,G).

Lemma 2.10. Let f(z) be a transcendental meromorphic function of zero order and P(f) =
anf" 4+ an_1f" 1+ ...+ arf + ao. Let Fy = P(f)Ly(f, A), where n is a positive integer. Then
(n_k_ ].)T(’I’,f) +S(T7f) < T(TvFl)'

Proof. From First Fundamental Theorem, Lemma 2.1 and 2.4, we obtain

(n+D)T(r, f) =T(r, f(2) P(f(2))) + S(r, )

<(<)>> St )
L

T(r,F1) + < ) S(r, f)
k f(y
<T(rF)+T <T’ E] Oajf(qu +fc(32) Zj:O a; f( ))) + S0 f)

k

T(r, Fy) +ZT QW) +S(r, f)

k

T’Fl +Zm(7’, a]f qJZ—’_CJ >+ZN< 700‘]0 qj(z)—FC]))'*‘S(T}f)

(n+DT(r, f) <T(r,F1) + (k+2)T(r, f) +5( )
Thus, (n — k — 1)T'(r, f) + S(r, f) < T(r, F1) on a set of logarithmic density 1.
This completes the proof of Lemma 2.10. O

3. PROOF OF THEOREMS

Let us define the following terms

F1(2) = P(f(2))Li(f, Ey)  and  F(2) = [P(f oI,
Fi(z) = P(f(2)Li(f,8)  and  F(z) = [P(f(2))Li(f. A))7,

Gi(z) = P(9(2))Lr(9.A)  and  G(2) = [P(g(2))Li(g, M) .
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3.1. Proof of Theorem 1.1.

Proof. We say that F(z) — a(z) has infinitely many zeros.

On the contrary, let us assume that F(z) — a(z) has either no or finitely many zeros. Then,
from Lemma 2.4 and First Fundamental Theorem, we have,

nT(r, f) = T(r, P(f))

7 zrE)

<T(r,Fi)+T (r, Lk(fl,Eq)> +S8(r, f)

T
T(r, 1)+ (k+1D)T(r, f)+ S(r, f)
T

<
(n—k—=1T(r, f)+S(r, f) <T(r,F).

By Second Fundamental Theorem for small functions and Lemma 2.6, we have

W N <r, f_la<z)> + S0 )

(n—k-=0T(r, )+ S, )< E+2)Tr )+ 0+1)mT(r,f)+ k+ )T f)+ S, f)

(n =3k —4—m(+1))T(r f) <S(r [),

which contradicts n > 3k + m(l + 1) + 5.

Similarly, we can prove the result for the entire functions using N(r, f) = N(r, f) =

S(r, f), N(r,g) = N(r,g) = S(r,g) and we will getn > 2k + m(l + 1) + 3.
This completes the proof of Theorem 1.1. O

3.2. Proof of Theorem 1.2.

Proof. Since F and G share a(z), oo CM, there exists a non-zero constant 5 such that,

[P(f(2)Li(f, M) /a(z) - 1

P(9(2)) Lalg, AN Jalz) =1 " (3.1)

and we get,
F—a(2)(1-p) = BG.

Now, we will prove that § =1
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On the contrary, let us assume 3 # 1. Using the Second Fundamental Theorem and by
Lemma 2.6, we get

T(r,F)<N(r,F)+ N (7", ;) +N (r, W) +S(r, f)

<N(r,F)+ N <'r, ;) + N <r, é) + S(r, f)

. 1 I
S N(T‘,F1) +T(T, F) —T(’I”, Fl) +Nl+1 <7‘, 7F ) + ZN(’/’, Gl)
1

‘|’Nl+1 (Ta 5) +S(T,f) —|—S(T’,g),
1

which implies,

T(r,Fy) < N(r, F1) + Ni1 (r, ;1> +IN(r,G1) + N1 (r, él) +S(r, f)+ S(r,9)
<T(r, )+ E+DTr f)+ml+D)T(r, )+ (k+2)T(r, f)+1T(r,g)
+1

(k+1)T(r,g) +m(+1)T(r,g) + (k+2)T(r,g) + S(r, f) + S(r,9)
(n—k—=0T(r, )+ S0, f) < (ml+m+2(k+2)T(rf)
+(ml+m+ (k+2) 1+ 1)T(r,g) + S(r, f)+S(r,g9). (3.2)
Similarly,
(n—k=1T(r,g) < (ml+m+2(k+2)T(r,g) + (mi+m+ (1 +1)(k+2)T(r,f)
+ S(r, f)+ S(r, 9). (3.3)
From (3.2) and (3.3), we get

(n—k=1{T(r, )+T(r,9)} < 2ml+2m~+(k+2)({+3){T(r, f)+T(r,9)}+S(r, f)+S(r,g)
(n=2ml—2m—(k+2)(I+4)+D{T0r, f)+T(r,g)} <S(r, f)+ S(r,9).
This is a contradicition to n > 2ml + 2m + (k. +2)(I +4) — 1.

Thus, we get 8 = 1. Hence from (3.1), we have

[P(fDLi(f, M) = [P(9(2) Li(g, M), (34)
up on integrating the above equation for [ times, we get
[P(f(2)) Li(f, A)] = [P(9(2)) Li(g, A)] +7(2), (3.5)

where r(z) is a polynomial of degree at most (I — 1). Suppose r(z) # 0, then we get

P(f(2)L(f, ) _ P(g(2))Li(g, A) ey (3.6)

r(z) r(z)

Therefore, from Lemma 2.10 and the Second Fundamental Theorem, we have

= k=170, ) < 7 (n LLERBEDN) L
—( PUGL(A) |~ ()
= ( r(z) ) N ( P L/, A))
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(n—k-=0T(rf)<T(r )+ &+, f)+mT(r )+ k+2)T(r,f)
+mT(r,g)+ (k+2)T(r,g) + S(r, f) + S(r, 9)
(n—k = DT(r, ) < (m+k+2{T(r, f) + T(r, )} + (k +2)T(r, f)
+ S(r, f) + S(r, 9). (3.7)
Similarly, we have
(n—k = 1)T(r.9) < (m+ k+2){T(r, ) + T(r, )} + (k + 2)T(r. )
+ S(r, f) + S(r,9). (3.8)
From (3.7) and (3.8), we obtain
(n — k= D{T(r, f) + T(r, )} < (2m + 2k + {T(r, ) + T(r,9)}
+ (k+2{T(r, f) +T(r,g)} + S(r, f) + 5(r,9)
(n—=2m —4k = 7T{T(r, f) + T(r,9)} < S(r. f) + S(r,9).

This is a contradiction to n > 2ml + 2m + (k + 2)(I + 4) — 1. Therefore r(z) = 0. Hence,
(3.5) becomes

P(f(2))Li(f, A) = P(9(2)) Li(g, A)- 3.9)

1.e.,
(brf™ + bp1 f" 7+ o+ 0o f + bo){ak[f(qez + ck) — f(2)] + ar—1[f (qr-12 + ck)
[+ + al[f(fhz +c1) = f(2)] + aolf(qoz + co) — f(2)]} =
(brng™ + bn—19""" + ... + brg + bo){arlg(arz + cx) — 9(2)] + ar—1[g(qe—12 + cx)
— 9]+ .. +afg(qrz + 1) — 9(2)] + aolg(qoz + co) — g(2)]}

Leth = 5/ we consider the following cases

Case 1. If h(z) is a constant, then substituting f = gh in the above equation, we have
(bng"h" + bp1g™ 'R 4 4 bigh + bo) {arhlg(arz + ) — 9(2)] + ar—1h[g(ar-12 + cx)
—9(2)] + .. + arh[g(q1z + c1) — g(2)] + aoh[g(goz + co) — g(2)]} =
(bng”™ +bu19" "' + .. 4 brg + bo){arlg(qrz + ) — 9(2)] + ar—1[g(qe—12 + cx) — g(2)]
+ .. +arfg(qrz + 1) = g(2)] + aolg(qoz + co) — g(2)]}
which implies,
bng" [Li (g, A)J(A" T = 1) + bno1g™ ™ [Li(g, A)J(A" — 1) +
+b1g[Li(g, A))(h? = 1) + bo[Li(g, A))(h — 1) = 0.
This implies h¢ = 1, where d = LCM{)\; : = 0,1,...,n} and
Aj:{jﬂ, if a; #0,
n+1, ifa; =0.
Thus, f = tg, where t is a constant with ¢t = 1, where d = LCM{); : j = 0,1,...,n} and

\ J+1, ifa; #0,
’ n+1, ifa; =0.

Case 2. Suppose h(z) isnot a constant, then f and g satisfy the algebraic equation R(f, g) =
0, where
R(wl,w2) = P(wl)(Lk(wl, A)) - P(WQ)(Lk(WQ, A))
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Similarly, we can prove the result for the entire functions using N(r, f) = N(r, f) =
S(r, f), N(r,g) = N(r,g) = 5(r, 9)-
This completes the proof of Theorem 1.2. O

3.3. Proof of Theorem 1.3.

Proof. We see that F' and G share a(z) IM. If (i) of Lemma 2.5 holds, then using Lemma
2.10, we obtain

T(r,F) < No (r, ;_,) + Na(r, F) + No <7“7 é) + No(r,G) + 2 (N (r, 117) + N(r, F))
+ <N <r, é) + N(r, G)> +S(r, f)+ S(r,9)

1 1 _
T(r,F) < No(r,F)+T(r,F) —T(r,F1) + Nit2 <r, —F > + Niyo <T, > +IN(r,G1)
1

G
+ No(r,G) + 2 (Nl+1 (T, ;,1) +IN(r, F1) + N(r, F)) + N (r, Gi)
+IN(r,G1) + N(r,G) + S(r, ) + S(r,g),

which implies,

T(r,F1) <2(k+2)T(r, f)+m(l+2)T(r, )+ (k+2)T(r, f) + m(l + 2)T(r, g)
+ (k+2)T(r,g) +U(k+2)T(r,g9) +2(k +2)T(r,g) + 2m( + )T (r, f)
+2(k+2)T(r, f) +20(k+2)T(r, f) + 2(k+2)T(r, f) + m(l+ 1)T(r,g)
+(k+2)T(r,g) +1(k+2)T(r,g)+ (k+2)T(r,g) + S(r, f) + S(r, 9)
<{@I+7)(E+2)+ Bl+4)m}T(r, f) + {20+ 5)(k +2) + (20 + 3)m}T(r, g)

+S(r, )+ 5(r,9).

From Lemma 2.10, we have

m—k—=01T(r, ) <{Q@+7)(k+2)+ @Bl+4)m}T(r, f)
+ {21 +5)(k+2) + (20 + 3)ym}T(r,g) + S(r, f) + S(r,g). (3.10)
Similarly, we have
(m—k—-1T(r,g) <{Q@I+7)(k+2)+ Bl+4)m}T(r,g)
+ {20+ 5)(k+2)+ (2L +3)ym}T(r, f) + S(r, f) + S(r,g). (3.11)
Combining the above two inequalities (3.10) and (3.11), we get
(n—k = DT(r, f) + T(r, ) < {(41+12)(k +2) + (51 + )mH{T(r, f) + T(r,g)}
+S(r, f)+ S(r,9).
Thus, we get
{n— (A +13)(k+2) = 6l + T)m+ 1H{T(r, f) + T(r,g)} < S(r, f) + 5(r, 9)-

This is a contradiction to n > (41 + 13)(k 4+ 2) + (51 + 7)m —
Thus by Lemma 2.5, we have either FG = a?(z) or F = G.
Case 3. Suppose FG = a?(z) then,

[POHLe(f, M) - [P(9)Li(g, )]V = a?(2).
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This is one of the conclusions of Theorem 1.3.

Case 4. Suppose F' = G, then by (3.9), using a similar argument as in Theorem 1.2, one of
the conclusions of Theorem 1.2 holds. o
Similarly, we can prove the result for the entire functions using N(r, f) = N(r, f) =

S(r. f), N(r.g) = N(r,g) = 5(r, 9)-
This completes the proof of Theorem 1.3. O

3.4. Proof of Theorem 1.4.
F G " 2F* G*" 2G*!
Proof. Let F* = —— +- T andH= (2 -2 ) _ (T _ =2 ).
roof. Le a(z)’ ¢ a(z) an <F*’ F* — 1> (G*’ G* — 1>

From the hypothesis we have F(z) and G(z) share (a(z),w) and f, g share (co,v). It
follows that F* and G* share (1, w) and (oo, v). We now discuss the following two cases
separately.

Case 5. We assume that H # 0. Now we consider the following three subcases.
Subcase 1. Suppose that w > 2 and 0 < v < oo, then using Lemma 2.7, we obtain
T(r,F)<T(r,F*)+ S(r,F™")
< No(r,0; F*) + No(r,0; G*) + N(r,00; F*) + N(r,00; G*) + N, (r,00; F*,G*)
+S(r, F*)+ S(r,G")
< No(r,0; F) + No(r,0; G) + N(r,00; F) + N(r,00; G) + N (r,00; F, G)
+S(r, F)+ S(r,G). (3.12)
Noting that,

N.(r,00; F*,G") r(r,00; F) + N (r,00; G)

=N
< N(r,00; F) = N(r,00; Q). (3.13)
We obtain from (3.12) and (3.13) that
T(r,F) < No(r,0; F) 4+ No(r,0; G) + 2N (r,00; F) + N(r,00; G) + S(r, F) + S(r, G).
By using Lemma 2.6 and 2.10, we have
T(r,F)<T(r,F)—T(r,F1) + Ni2(r,0; F1) + IN(r,00; G1) + Nyj12(r,0; Gy)
+ 2N (r,00; Fy) + N(r,00;G1) + S(r, f) + S(r, 9)
T(r,F) <(4+2)mT(r f)+ k+2)T(r f)+1T(rg) +1(kE+1)T(r,g) + (1 +2)mT(r,g)
+(k+2)T(r,g) +27(r, f) +2(k + )T (r, f) + T(r,g) + (k+ 1)T'(r,9)
+S(r, f)+ S(r,g)
(n—k=1)T(r, f) < {mi+2m+3k+6}T(r, f)+{mi+lk+2m+2k+20+4}T(r, g)+S(r, {)+S(r, g).
Similarly, we have for T'(r, g)
(n—k—=1)T'(r,g) < {ml+2m+3k+6}T(r, g)+{mi+lk+2m~+2k+20+4}T (r, £)+S(r, £)+5(r, 9).

Combining the above two inequalities, we get

(n=k=D{T(r, /)+T(r, 9)} < {2mi+dm+5k+Ik+20+10H{T'(r, f)+T(r, 9)}+5(r, /)+5(r, 9),

which contradicts n > 2m(l 4+ 2) + (I +6)(k+2) — 1
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Subcase 2. Let w = 1 and v = 0, then using (3.13) and Lemma 2.8 we obtain

T(r,F) < T(r, F*) + S(r, Fx)
< No(r,0; F*) + Na(r,0; G*) + gﬁ(r, 00; F*) + N(r,00; G*) + N.(r,00; F*,G*)
+ %N(r, 0; F*) + S(r, F*) + S(r, G*)
< No(r,0; F) + No(r,0; G) + gﬁ(r, o0; F) + N(r,00;G) + N.(r,00; F, G)
+ %W(r, 0;F)+ S(r,F)+ S(r,G)
< Nao(r,0; F) + No(r,0; G) + gﬁ(r, 00; F) 4+ N(r,00;G) + %W(T,O; F)
+S(r, F)+S(r,G),
using Lemma 2.6 and 2.10, we have

_ 5__
T(r,F) <T(r,F)—T(r,F1)+ Nia(r,0; F1) + IN(r,00; G1) + Nio(r,0; G1) + §N(r, oo; FY)

_ 1
+ N(r,00;G1) + §{ZN(7"700;F1) + Nig1(r, 0; F1)} + S(r, f) + S(r,9)

m—k—-01T(, ) <(U+2)mT(r, f)+ (k+2)T(r, f) +1T(r,g9) + 1(k+1)T(r,g)
(L 2mTrg) + (k+ 2T (r.g) + 2T(r, )+ o (k + DT, )
4 ST )+ 10+ DT ) + U+ DmT(, £) + 4+ 270 1)
+T(r,g) + (k+1)T(r,g)+ S(r, f) +S(r,9)

(n—k—=1)T(r f) < (?’QW+5;”+41¢+1+Z§+8>T(T,J£)

+ (ml+2m+2k + 2l + 1k +4)T(r,g) + S(r, f) + S(r,g). (3.14)
Similarly, we have for T'(r, g)

l lk
(n—k—1)T(r,g) < (3?+5;n+4k+l+2+8) T(r,g)
+(ml+2m+2k+ 20+ 1k +4)T(r, f)+ S(r, f) +S(r,g). (3.15)

Now, by combining the above two inequalities (3.14) and (3.15), we get

(n—k—1{T(r,f)+T(r,9)} < (52”” + 977” + 6k + 31 + # + 12> {T(r, f)+1T(r,9)}

+5(r, f) + 5(r,9),

5 Im

l k
which contradicts n > % + - + (314 14) (1 + 2) -1
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Subcase 3. Let w = 0 and v = 0, then using (3.13) and Lemma 2.9, we obtain
T(r,F)<T(r,F*)+ S(r, F)

< No(r,0; F*) + Na(r,0; G*) 4+ 3N (r,00; F*) + 2N (r, 00; G*) 4+ 2N (r, 0; F™*)

+ N.(r,00; F*,G*) + N(r,0;G*) + S(r, F*) + S(r, G¥)
< No(r,0; F) + Na(r,0; G) + 3N (r,00; F) + 2N (r,00; G) + 2N(r,0; F')

+ N.(r,00; F,G) + N(r,0;G) + S(r, F) + S(r,G)
< No(r,0; F) + No(r,0; G) + 4N (r,00; F) + 2N (r,00; G) + 2N (r,0; F)

+ N(r,0;G)+ S(r,F) + S(r,G).

Using Lemma 2.6 and 2.10 we get,

T(r,F) <T(r,F)—T(r,F1) + Npy2(r,0; F1) + IN(r,00; G1) + Nyj12(r,0; G1) + 4N (r, 00; FY)
+ 2N (r,00;G1) + 2{IN(r,00; F1) + Nj11(r,0; F1)} + IN(r,00; G1) + Niy1(r,0; G1)
+S(r, F)+ S(r,G)

(n— k= )T(r, f) < L+ 2T, £) + (k + 2T, f) + 1T, 6) + 10k + DT (r, )
+ (I+2)mT(r, g) + (k+2)T(r,g) + AT (r, f) + 4(k + 1)T(r, f)
+2T(r,g) +2(k + 1)T(r,g) + 2T (r, f) + 21k + 1)T(r, f)
+2(l+ 1)ymT(r, f) + 2(k + 2)T(r, f) +1T(r,g) + 1(k + 1)T(r, g)
+ I+ 1)mT(r,9)+ (k+2)T(r,g)+ S(r, f)+ S(r,9)

(n—k—=1T(r, f) < {3ml+4m + 21k + 7k + 4 + 14}T(r, f)
+{2ml +3m + 2k + 4k + 4 + 8} T (r,g) + S(r, f) + S(r,g). (3.16)
Similarly, we get for T'(r, g),
(n—k—=1T(r,g) <{3ml+4m+2lk + 7k + 4 + 14}T(r, g)
+ {2ml + 3m + 2lk + 4k + 41 + 8}T'(r, ) + S(r, f) + S(r,9). (3.17)
Now, by combining the above two inequalities (3.16) and (3.17), we get
(n—k=1){T(r, /)+T(r,9)} < (5ml+Tm~+4lk+11k+81+22){T (r, f)+T(r, g)}+S(r, f)+S(r, g),

which contradicts, n > 5ml + Tm + 4lk + 12k + 81 + 23.
Case 6. We now assume that H = 0. Then

F*" 2F* G 2G"
_ - —— —— ] =0
(F*’ F*l) (G*’ G*l)

Integrating both sides of the above equality twice we get,
1 A
Fr—1 Gr-1
where A(# 0) and B are constants. From (3.18) it is obvious that F*, G* share the value 1
CM and hence they share the value 1 with weight w = 2, and therefore, n > 2m(l + 2) +
(I+6)(k+2)—1.

We now discuss the following three subcases separately.

+ B, (3.18)
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Subcase 4. Suppose that B # 0 and A = B, then from (3.18), we obtain
1 BG*

= .1
Fr—1 G*—1 (319)
If B = —1, then from (3.19), we obtain
F*G* =1,
ie.,
[P(F)Li(f, M)W - [P(9) Lic(g, AV = a?,
which is one of the conclusions of Theorem 1.4.
If B # —1, then from (3.19), we have
1 BG* - 1 # ~ *
F—m andso N(T,:HB,G>—N(7’,O,F).
Using the Second Fundamental Theorem and Lemma 2.6, we have
T'(r,G) <T(r,G")+ 5(r,G)
__ __ 1 __
< . * . * . *
< N(r,0;G*)+ N (r, 1—|—B’G ) + N(r,00;G*) + S(r, G)
< N(r,0; F*) + N(r,0; G*) + N(r,00; G*) + S(r, G)
< N(r,0; F) + N(r,0;G) + N(r,00; G) + S(r, G). (3.20)

Using (3.20), Lemma 2.6 and Lemma 2.10, we have
T(r,G) <IN(r,00; F1) + Niy1(r,0; Fy) +T(r, G) — T(r, G1) + Ny1(r,0; Gy)
+ N(r,00; G1) + 5(r, 9)

(n— k= 1)T(r,g) < IT(r, f) +1(k + DT(r, ) + (L + )mT(r, f) + (k + 2)T(r, )
+({+1)mT(r,g) + (k+2)T(r,g) + S(r, f) + S(r,g)

(n—k—1)T(r,g) < (lk+mi+2l+m~+E+2)T(r, f)+(mi+m+E+2)T(r, g)+S(r, f)+S(r, 9).
Similarly, we have for T'(r, f)

(n—k—=1)T(r, f) < (lk+ml+2l+m~+k+2)T(r, g)+(ml+m+k+2)T(r, f)+S(r, f)+S(r, g).
Thus by combining the above two inequalities, we get

(n—=k=D){T(r, /)+T(r,9)} < 2ml+lk+2l+2m~+2k+){T(r, /)+T(r,9)}+S(r, )+S(r,g9)

(n —2ml — 1k — 21 — 2m — 3k — 5){T'(r, ) + T(r,9)} < S(r, f) + S(r,9),

which contradicts n > 2m(l +2) + (I +6)(k+2) — 1
Subcase 5. Let B # 0 and A # B. Then from (3.18), we get
B+1)G*—(B—A+1)

BG*+ (A— B)
Proceeding in a manner similar to subcase 1, we can arrive at a contradiction.
Subcase 6. Let B = 0 and A # 0. Then from (3.18), we get

G A-1
-4

F*:(

— B-A+1 N\ o~
andso N(T7M7G>—N(T7O7F).

F* and G=AF—-(A-1).
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If A # 1, it follows that,

_ A—1 _ __ _
N(r,A;F*) =N(r,0;G*) and N(r,1— A;G")= N(r,0;F").

Using the similar argument as in subcase 1, we obtain a contradiction. Thus A = 1, which
implies F'* = G*, and therefore,

[POLR(F AN = [P(9) Lr(g, A)).
Integrating the above equation for [ times, we get
P(f)Lx(f,A) = P(9)Lr(g,A) + R(2),

where R(z) is a polyomial of degree atmost [—1, then by a similar argument as in Theorem
1.2, we will obtain the required result.

This completes the proof of Theorem 1.4. O

4. CONCLUSIONS

Using the Nevanlinna theory, we have studied the value distribution and uniqueness of
linear g-difference polynomial Ly ( f, E,) and its ¢-difference operator L (f, A), for a tran-
scendental meromorphic function f having zero order. Since Ly (f, E,) and Ly (f, A) are
generalised forms of the ¢-shift f(¢z+c) and the ¢-difference operator A, f(z) respectively,
our results extends and generalizes the Theorems D, E, & F due to Thin and Theorems G
& H due to Dyavanal and Desai. Also, by considering the concept of weighted sharing in-
troduced by Lahiri, we have obtained Theorem 1.4 which is an intermediate of Theorems
G & H due to Dyavanal and Desai.

Also, we can pose the following open questions.

Open questions:

1. What happens to Theorems 1.2-1.4, if we replace the linear ¢-difference operator Ly (f, A)
by the non-linear product of ¢-difference Hle (A} . f)*, where n, ui; are positive integers
and ¢, c are non-zero complex constants?

2. Can the condition for the lower bound » in Theorems 1.1-1.4 be reduced any further?
3. What happens to the Theorems 1.1-1.4, if we study them using the concepts of weakly
weighted sharing, truncated sharing which are weaker than weighted sharing?
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