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About the radius of convexity of some analytic functions

OLGA ENGELY2, PAL A. KUPAN'2 and AGNES O. PALL- SZABO!2

ABSTRACT. In this paper we prove a general result regarding the radius of convexity for different particular
functions. The method of convolutions is used. The results are applied to deduce sharp bounds regarding
functions, which satisfy differential subordinations.

1. INTRODUCTION

Let U(zp,7) = {# € C : |z — 29| < r} denote the disk of radius r and center z,. We
denote U(r) = U(0,7), and U = U(1). The radius of convergence of the power series

flz)=z+ Z anz" (1.1)
n=2

will be denoted by 7.

For r € (0,7;) we say that the function f is convex in the disk U(r) = {z € C : |2| < r}
if f is univalent in U(r), and f(U(r)) is a convex domain in C. A function f of the form
(1.1) is convex if and only if

(2)
f'z)
In [2] the radius of convexity of the function f is defined by the equality

(2)

) ) >0, z€ U(r)}.

The first works which deals with the question of the radius of starlikeness of particu-
lar(Bessel) functions were [5] and [8]. The radius of convexity of Bessel functions were
determined in [2] at the first time. The radius of starlikeness and the radius of convexity
of special functions have been determined in the papers [1], [2], [3], [4], [5], [6], [12]. Other
results regarding the starlikness of Bessel functions are given in [13]. Bounds for analytic
functions, which satisfy a differential inequality are given in [14] and [15].

Re (1+ ) >0, z€U().

T = sup {r € (0,75) : Re (1 +

2. PRELIMINARIES

We denote by #(U) the class of analytic functions defined in U.
Let Ay and P be the sets of functions defined by

Ao ={f € H(U)| f(0) =1} and P = {f € Ag| Re f(2) >0, z € U}.
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Lemma 2.1. [7] p. 27 Herglotz.
The function f belongs to the class P if and only if there is a probability measure p on [0, 2| such
that

27 —it 27
1+e "2 )
= — "dut) =142 n “ Mt du(t).
f(z) /O T, At =1+ > 2 /0 e pu(t)

As we saw in the abstract we will apply the convolution theory in the study of the
convexity of analytic functions. A basic work in the field of convolution is [9]. Recall the
following definitions and results from this book.

Let f and g be two analytic functions defined by the power series f(z) = io: anz" and
n=1

g(z) = > byz". The Hadamard product of these functions is defined by
n=1

(fxg)(z) = Zanbnz".
n=1

For V' C Ay the dual set of V' is defined by
Vei={ge Ag|(f*g)(2) #0, for all f € Vand for all z € U}.

oS} .
Lemma 2.2. [9] Let the function hy be defined by the power series hp(z) = z + ) %z”

n=

The function f(z) = z+ Y an2" is starlike in U if and only if

n=2

f(z)*hL('z)¢o,for all z € U,and for all T € R.
z z

Lemma 2.3. [6] Let the class L be defined by

Ez{fEAO:Ref(z)>1

5 zeU}.

The following inclusion holds £ C P<.

3. MAIN RESULTS

Theorem 3.1. Let f be an analytic function in U given by the equality

flz)=z+ Z an2". (3.2)
n=2
If
> nlan| <1, (3.3)
n=2

then the function f is convex in U.

Proof. The function f is convex if and only if g(z) = zf’(z) is starlike. According to
Lemma 2 the function g is starlike in U if and only if

@ % hTT(Z) #0, for all z € U, and for all T € R. (3.4)
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> n+1+iT
> * o = 1 +n§1(n+ 1)an+1wz

= 1 — n+1+iT ,
= (12X ) (14 g Xt D 7).
According to Lemma 3 the starlikeness condition (3.4) holds if

(3.5)

1 & n+1+iT 1
14 = Day, 7") -, :
Re( +2n2=:1(n+ )ant1 T z >2 zeU

This condition is equivalent to

= n+4 14T
Re (1 +3 (n+ 1)an+17,z") >0, zeU.
oyt 14T

We put z = r(cosf +isinf), r € (0,1), and we get

oo .
n+14+dI 1
Re (1+ 3000+ Do ") = 7 721
n=1

o0

+ Z(n + Da, 117" cos n9> + T( Z(n + 1)na, 417" sin n@)
n=1

n=1
o0

+14 Z(n + 1)2a,4 17" cos nO} . (3.6)
n=1
We have

(oo}

1+ Z(n + Dapy1r™ cosnf > 1 — Z(n + Dlapyr|r™ >

n=1 n=1
o0

1= (n+1)?ana|r™ >0, re(0,1), 0 € [0,2n]. (3.7)
n=1

Thus the starlikeness condition (3.4) holds if

Ar(0) = (i(n + 1)nay1r" sin n9)2 — 4(1 + i(n + 1)an 17" cos n9)
n=1

n=1

(1 + Z(n +1)2ap, 417" cosn@) <0, AR, re(0,1).
n=1

(3.8
On the other hand we have
d n . Mo ng 2 > n
Ar(0) < 4(;(71 + 1)nag1r" sin - cos 7) — 4(1 — Z(n + Dans1|r )

n=1

(1 + Z(n 4+ 1)%ap 117" cos n&), 0eR, re(0,1). 3.9)
n=1
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Now we replace the number 1 in the last two brackets by the smaller expression

14> (n+1)%|an]

n=1
and we get
> né
(Z n+ Dnay41r"™ sin — 5 €O —) (Zn |@paq|r™ )
n=1
(i n+1) \am_l\r"W), 0eR, re(0,1). (3.10)
n=1
We will prove that
(i(n + 1)nay1r" sin 7129 cos —) ( Z n2|any1|r" )
n=1
(i(n + 1)2|an+1|r”1i+08”9) <0, 0€R, re(01) (3.11)
n=1

The inequality (3.11) holds because according to the Cauchy-Schwarz inequality, we have

(i(n+1)n|an+1|r”\/w) (Zn |@pgr|r™ )

n=1
0o

1+ 0
(Z(n—i— 1)2|an+1|r”¥) <0, 0 R, re(0,1),

n=1

and it follows that

. 4 - /14 cosnf\2
(Z(n+ Dnaper™ sm%cos —) (Z n+ n|ay4q|r” %) <

n=1

(Zn lapsr|r™ )(Z(nJrl) g1 |r™ 11009’”&) <0, 0eR, re(0,1)

n=1

Finally (3.10) and (3.11) imply Ar(8) <0, 0 € [0,2x], T € R, and the proofis done. O

Remark 3.1. As far as we know the method of convolution is applied here at the first time
in the study of the convexity of analytic functions.

Theorem 3.2. Let f be an analytic function in U, of the form f(z) = > b,2", and

n=1
Re (1 +aof(z) +arzf(z)+...+ apzpf(p)(z)) >0, z€U. (3.12)
We denote P(n) = ag + Zp: agn(n—1)...(n—k+1).Ifr € (0,1] and
k=1
2| P(1)
;2”2’13(71)‘ <1, (3.13)

then
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The result is sharp.

Proof. Letb; =1,and f(z) = > b,z". We have
n=1
p P 00
1+szakf(k)()—1+aof —l—Za nn—1)...(n —k+1)byz
k=0 k=1 n=1

= 1—1—2 (ao—l—Zakn (n—1) (n—k—i—l))bnz" = 1+ZP(n)bnz". (3.14)

n=1 n=1

The Herglotz formula, (3.12), and (3.14) imply

1+ZP bz—1+2z / et dpu(t)

n=1

and we get b, = 25 [1" e t"dpu(t). Thus it follows that
50 =30 2 [T e (.15)
1 P(n) Jo ' '

According to Theorem 1 the condition (3.13) implies that the function
P
z)=z+ TLZ:; Pln) z

is convex in U. This implies that

P

is also convex. The equality (3.15) can be rewritten as follows
2m

f(z) = f*(ze”®)du(t), (3.16)
0
which means that f(z) can be written as a convex combination of the values of f*. The
convexity of f* and the equality (3.16) imply f(U) C f*(U), and this inclusion implies the
subordination f < f*. The subordination and the convexity of f*imply f*(r) > Re f(z) >
f*(=r), z € U(r) which is equivalent to

ZP ™ > Re f(z >QZ 1)nr”,zeU(r)v

n=1 n=1 (’I’L)

and the proof is finished. O

Remark 3.2. The functions

n

=2
:Z:lpz

are the extreme points of the class determined by the differential inequality (3.12). It is
easily seen that the radius of convergence of these functions are equal to one. Thus the
radius of convexity in case of each extreme functions are equal to one.

)e—“”, tel0,2n], z€U
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Corollary 3.1. Let f be an analytic function in U of the form f(z) = > bp2". If
n=1

Re (1 + f(2) + f1(2) + 722" (2) + 622 FO) (2) + z4f(4)(z)) >0, z€U, (3.17)

then for every z € U, the following inequality holds
(=™ [T (T 2m¢ L 27¢
2 - _1 — | = & s —_ = ™
Re f(z) > §n4+1 +2[g (e +627r<_1) ((e +e2C—1)]’

where ¢ = %Jri%,andzzﬁfz
Proof. We have
Pn)=1+n+Tnn—-1)+6nn—1)(n—-2)+nn—1)(n—-2)(n—-3)=n*+1

=

It is easﬂy seen that Z P(l) < > % = 2(— — 1) < % According to Theorem 2, if
n>2

Z P < 1, then it follows that

Re f(z

n>1

In order to finish the proof, we will use the identity

> ino
(& o ™ —le QQC
Y oy (T g y) rea s ReC>0
Putting in this equality o = 7, { = % T i%, and ¢ = % _ Zf’ and subtracting the

obtained two equalities we obtain

Tl ) et

n>1
U
Corollary 3.2. Let g be the analytic function defined by
(n+ D)y, z 22 2"

If n > 7 then gy, is convex in U.

Proof. The function g, is of the form (3.2). Thus in order to prove the convexity of gy, it is
enough to check the condition (3.3).
Since

—z—i—z (n+2). n+p)

it follows that the mapping g,, is convex prov1ded that

s 2

p
;(nm)...(mp)gl' G19)

Qp =
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Since the sequence (a, ), >1 is strictly decreasing it is enough to prove (3.19) in case n = 7.
If n > 7, then we have

> 2
p~ 298
an < ar < 5291771 —m—OE)SSl,
p=

and the proof is done. O

Remark 3.3. Since the function g,, n > 7 maps the unit disk U on a convex domain
gn(U), which is simmetric with respect to the real axys, the following double inequality
holds

gn(=1) < Regn () < gn(1), 0 €0,27).
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