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Convergence properties of Ibragimov-Gadjiev-Durrmeyer
operators

EMRE DENIZ and ALI ARAL

ABSTRACT. The purpose of the present paper is to study the local and global direct approximation prop-
erties of the Durrmeyer type generalization of Ibragimov Gadjiev operators defined in [Aral, A. and Acar, T,
On Approximation Properties of Generalized Durrmeyer Operators, (submitted)]. The results obtained in this study
consist of Korovkin type theorem which enables us to approximate a function uniformly by new Durrmeyer
operators, and estimate for approximation error of the operators in terms of weighted modulus of continuity.
These results are obtained for the functions which belong to weighted space with polynomial weighted norm
by new operators which act on functions defined on the non compact interval [0.c0). We finally present a direct
approximation result.

1. INTRODUCTION

There are several integral modifications of the well known linear positive operators
in the literature which include the most common modifications due to Kantorovich and
Durrmeyer. In [2] authors defined general family of summation integral type (Durrmeyer
type) operators which include some well-known operators as particular cases and stud-
ied asymptotic formula of Voronovskaya type and its quantitative version in terms of
weighted modulus of continuity. The operators mentioned above are defined as follows:

Definition 1.1. Let (¢, (t)),cy and (¢, (t)), oy are sequences of functions in C'(R*),
which is the space of continuous function on R*, such that ¢, (0) = 0, ¢, (¢£) > 0, for
all t and lim,, o, 1/n2%,, (0) = 0. Also let (a,) denote a sequence of positive numbers
satisfying the conditions

neN

lim <% =1and lim anty (0) =1y, 13 > 0.
n—oo N n—o00

The Ibragimov-Gadjiev-Durrmeyer operators are defined by

M, (fiz) = (n—m)ann (0)Y KL (20,0t (0)) [a(wy)'«m
v=0 .
: /000 F @) K37 (5,0, ann (0)) Wdy (1.1)

where K, (z,t,u) (z,t € RT =0, o0) and — co < u < 00) is a sequence of functions of
three variable and must meet several conditions under which the {M,, },  represents a
method to approximate the function f. These conditions are:

(1) K, (x,0,0)=1forz € Rt andn € N,
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) |(-1) %Kn (m,t,u)]u:ul,tzo} >0forv=0,1,...,and z € RT,

av—1

@) 2K, (z,t,u)| = —nz [adulem+n (z,t,u) forall z € R* and

u=uy,t=0 u—ul,t—O:|
n,v € N, m is a fixed natural number.

Above three conditions were already assumed to define Ibragimov-Gadjiev op-
erators. (For details see [12]). To define Durrmeyer modification of Ibragimov-
Gadjiev operators, in [2] authors assume following two conditions as well.

(4) K, (0,0,u) =1foranyu,z € RT,pe Nand u = ¢, (t), u1 = anth, (t)

lim zP K" (x,0,u1) =0,

T—00

®) -

The family of operators M, (f) is linear and positive. The condition (1) guarantees the
positivity only on R*.

With the purpose of obtaining results for a wide class of linear positive operators,
Ibragimov-Gadjiev operators and some generalizations were considered by several au-
thors (see [6], [10], [5] and [1]).

Also as a continuation of [2], authors have studied L, convergence and weighted
L, convergence properties of the operators M,, using K —functional and corresponding
Ditzian-Totik modulus of smoothness (see [16] ).

In the present paper, we first obtain pointwise estimate for the operators in terms of
Petree K —functional. To determine the order of convergence in weighted space, we use
weighted modulus of continuity given in [15]. Also we study uniform weighted approxi-
mation formula for the operators M,

K, (2,0,u1) = —nuy Ky (2, t,u) .

2. AUXILIARY RESULTS

Now we give some auxiliary results.

Lemma 2.1. Let v, n € N. For any natural r we have

n2r

(n—2m)...(n—rm)(n—(r+1)m) ()" (n2y, (0))"

T

xS 0 (ntm) e (n+ (G — 1)m) G, [avntby (0)) 7,
§=0

M, (t";2) =

where Cj . = (7). Also,

7!

n2 Qp, 1
My (t52) =1, My (t2) = g (n“ ann(O))
oy nA an 2(m+n)  ap 4 . 2
My (50) = (n—2m) (n —3m) a2 << n ) n n n*y, (0) i (n24y, (0))°

(2.2)
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Proof. Using (1.1) we obtain

M” (tr;x) = (TL - an‘pn ZK .T t, u W
> r v —OnPn (0 v

From (4) we get

> TKY (¢ u = (_l)y (V+T)'
[ e e = o T @Y
Using (2.3) we have
M, (t";z) = (n —m) anpn ( ZK(v) z,t,u) [ O‘n(%)z'(o)}y
o (=1 (v +r)! [—anen (0)]”

(n —m)(n— 2m) n=rm)(n—(r+1)m)(a,pn (O))V—H+1 (v)!

Sk e gm0

O
1
X (n - 2m) (n — rm) (n — (7« + 1) m) (O‘nﬁon (0))r (V + ’f’) (V + 1)
Using the equality
(v+r)..(v+1) _ZCN H(y_l)
j=0 1=0
we can write
o) — 1

oo j—1

S S0 o L)
J=0 v=01=0

1
(n—2m) (n—rm)(n—(r—f—l)m

)(O‘n‘:@n(o))r
—anen (0)]Y
<0 S ) )

1
(n—2m)...(n —rm) (n — (r + 1) m) [—onen (0)]

- e v 71j70‘nnou+j
XEOCJ-,TIJ;OKT(L)(:E,LU)( )l (V;f )
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n2r

(n—2m)...(n—rm)(n—(r+1)m) (a,)" (n2p, (0))"

T

XY n(n+m)..(n+ (G —1)m)Cj, anen () 27,
=0

where C; . = (). O

J'\j

Lemma 2.2. For each x > 0 and n large enough we have

2 C 9 1
Vo (0=9"2) < G [ O G @

where ¢ (z) == \/z (1 + xma,y, (0)) and C is positive constant.
Proof. Using Lemma 2.1 we obtain

M, ((t —xz)? ;x)

=M, (tQ;x) —2xM,, (t;x) + 2> M,, (1;2)

_ (2n + 6m) 1

[ e ) [0 e O+ G

< C 9 1

= (n—2m) ay, (0) [Lp (@) + (n+3m) anhy (0)]
where C is a positive constant.. O

3. DIRECT ESTIMATE

Here we establish direct local approximation theorems for the operators M, (f;x) in
ordinary approximation. Let the space C [0, 00) of all continuous and bounded functions
be endowed with the norm || f|| = sup{|f]: f € [0,00)}. We begin by considering the
following Peetre’s K-functional:

Ky (f;0) =inf {||f — gl +dllg"| : g € WS}, (3.5)
where § > 0and W2 = {g € Cp[0,00) : ¢’,g" € Cp[0,00)} . By the theorem as given in
[4], there exists an absolute constant C' > 0 such that

Ko (f,6) < Cun (f,\/S),

where

wo (£V8) = sup sup |f (x+2h) = 2f (2 + h) + f ()

0<h<VoTERT

is second order modulus of smoothness of f € Cg [0, 00) .
Also let

w(f,6) = sup sup |f(z+h)— [ ()
0<h<SzeR+

be the usual modulus of continuity
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Theorem 3.1. Let f € Cp [0,00) . Then for every x € RT and n large enough, we have

1 1
M, (fi) - f (@)] < Cuy (f | \/<n @ PO e 1>>

N )

where C is a positive constant which independent of n and f.

Proof. To give the proof of Theorem, we introduce the auxiliary operator as
W () = M () — £ (e (B L)) )
N (n—2m)a, \ n n2, (0)
Let g € W2 and ¢t € R*. Applying the operator M, toTaylor’s expansion of g we have
t

M, (g;x) — g (x) = ¢ (&) My ((t = 2) ;) + M, (/(t—U)g"(U)du;w) :

x

Considering the definition of m and using Lemma 2.1, we get

g’(x)Mn((t—x);x)‘—l— M, (/(t—u)g”(u)du;x)|

=M(](t—U)g”(U)du ;x>

g
<My ((t-2)%52) 9"l

<

M, (g;x) — g (z)

n2

an 1
(n—2m)an [ ey n2wn(0)]

n2 (077 1 "
+ / ((n oo <nx+ 7712% (O)) — u) du| |¢" || (3.6)

x

Using Lemma 2.2, we get

C |: 9 1 :| "
—amant 0 |7 T i smant, @) 19
(,,L,;,i)an [(’;Tngc—i_nzdlln(o)] 2
n(an 1) )d T
+ (n—2m)an nx+n2¢n(0) ) e
B O 2 1 1!
= (n—2m) antn (0) [“’ O G s an <0>] 177

et et
m—2man | » * 020

* / (e G5 ) n 1971
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¢ 2 (y 1 1+ 2zmapy, (0) 2 "
l(n = 2m) oty (0) [@ @)+ (n + 3m) anty, (0)] - ((n —2m) anty (0)) ] 197l

¢ 2 1 "
e e o] GICRE s R L
Since
| My (f;2)] < ||/l
we can write

My (Fi2) = f @] < Mo (f = gia)| +1f (@) = g @)] + [ Mo (g:2) — g (@)
n? O, 1
1 (o=trer (2ot ) 1@

1 2 1 "
= V=t e (P O e ) 191

+w (f ; (2+22%0;i:fb7;((00)) )

Taking infimum overall g € W2 and using (3.5) we get

1

9 1
(0 —2m) cnton (0) (*" @)+ a0 1))
1+ 2zmany, (0)

e (f = 2m) antn <o>>

1 ) 1
= o (f’ \/(n — 2m) oy, (0) (@ (@) + (n 4 3m) antn (0) ! 1>>

o (1 o o)

which proves the theorem. O

M, (fiz)— f(z)] = OK (f,

4. WEIGHTED APPROXIMATION

The operators M,, act on functions defined on the non compact interval R* and then the
uniform norm is not valid to compute the rate of convergence for unbounded functions.
For this we will establish the theorems for functions of polynomial growth.

Let B,z [0,00) be the set of all functions f defined on R* satisfying the condition
|f (z)] < My (1+ 2?) with some constant My, depending only on f, but independent
of x. B,2 [0, 00) is called weighted space and it is a Banach space endowed with the norm

f(x)
> — SUu .
||f||w2 weﬂgr 1+$2

Let C,2 [0,00) = C[0,00)N B,2[0,00) and by C¥, [0,00), we denote subspace of all
continuous functions f € B,: [0, 00) for which lim,_, 1f f;)Q is finite.
We know that usual first modulus of continuity w (d) does not tend to zero, as 6 — 0, on

infinite interval. Thus we use weighted modulus of continuity € ( f; 6) defined on infinite
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interval RT (see [15]). Let

k) - f@)
Q0= S AR A+ a?)

Now some elementary properties of 2 (f;d) are collected in the following Lemma.

Lemma 4.3. Let f € C*, [0,00) . Then,

for each feC,2 [0,00) .

i) Q(f;0) is a monotonically increasing function of 6, § > 0.
ii) For every f € C¥, [0, 00), }%Q (f;6) =0.
iii) For each A > 0,
Q(f;A6) <2(1+A) (1+6%) Q(f30). 4.7)
From the inequality (4.7) and definition of © ( f; J) we get

£ () — f(2)| <2(1+a2) (1+(t—x)2) (1+ > (1402 Q(f;0)  (48)

for every f € C,2 [0,00) and z,t € R.

|t — 2]

5

Theorem 4.2. If f € C¥, [0, 00). then the inequality
M, (f;x) — 1
apla U210 < g (), )
>0 (1+22)? n —2m

is satisfied for a sufficiently large n, where K is a constant.

Proof. From (4.8) we can write

M, (f;z) — f(z)] §2(1—|—x2) (1+(52)Q(f;5){1+Mn ((t—x)Q;x) —l—%Mn(\t—x\;x)

+%Mn ((t—x)2 [t — x| ,x)}

Applying Cauchy-Schwartz inequality we obtain

M, (f;2)— f (2)] < 2 (1+22) (1462) Q(f30) {1 M, ((t—x)Z;x) + %Mn ((t—x)2 ;x)%

—i-%Mn ((t—;zc)2 ;x)é M, ((t—x)4;x>;}

By simple calculation we obtain

2\ _ m (2n + 6m) (2n + 6m) apy, (0) x + 2
My ((t —2) ,x) = [(n —2m) (n — 3m)} (n—2m) (n — 3m) a2 (0) *9)
and
M, ((t — ) ;a:)
B { 120m* 4 252nm3 — 96n?m? } 4 { 240m? — 174n*m + 504nm? } 3
B (n—2m)...(n —5m) (n—2m)...(n — 5m) anty, (0)
12n? + 432nm — 108m + 240m?\ 120n + 120m
{ (n—2m)... (n — 5m) aZy2 (0) } ) { (n—2m)... (n — 5m) a3y% (0) } !
24 (4.10)

+ (n—2m)...(n —5m) aded (0)
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Using (4.9) and (4.10)

uplMn 1) S )

x>0 (1+22)

m (2n + 6m) 1{ m (2n + 6m) }é
(n—2m)(n—3m) 0 | (n—2m)(n—3m)

2 ()

<2(1+52)Q(f;5){1+

§2(1+62)Q(f;6){1+n0 L S }

72m+g\/n72m+g(n_2m)%

where we denote constants by C' and point out that they are not the same at each occur-
rence. Choosing ¢ = ﬁ, for sufficiently large n, we obtain

My (fi2) — f ()] o1
e e < xa (5 )

where K is a constant. O

Theorem 4.3. For each f € C*, [0, 00), we have
Jim [[My, (f) = fll2 =0

Proof. Using the theorem in [9] we see that it is sufficient to verify the following three
conditions

lim ||M, (t",z) —2"|,.=0, v=0,1,2. (4.11)

n—oo

Since M, (1;x) = 1, the first condition of (4.11) is fulfilled for v = 0.
By Lemma 2.1 we have for n > 2m

|“4n (t,l‘) — J?‘
M, (t,x) — =
1M (¢, 2) = 2|2 i g

n 1
S —
((n —2m) ) T = 2m) antn (0)
and the second condition of (4.11) holds for v = 1 as n — oc.
Similarly we can write for n > 3m

1M (82, 2) = 2| » = sup
x

< n(m+n) by 4n n 2
~ | (n=2m)(n—3m) (n—2m) (n —3m) apty (0)  (n—2m) (n—3m) a2 (0)
and the third condition of (4.11) holds for v = 2 as n — co.
Thus the proof is completed. 0

Next, we give the following theorem to approximate all functions in C,2 [0, c0) . This
type of result is given in [7] for locally integrable functions.

Theorem 4.4. Foreach f € C,2 [0,00) and « > 0, we have

i sup M0 ()~ 1 (2)
noogert (1 +a2)

=0.
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Proof. For each 2o > 0,

up M (F2) — f @) Mo (fox) —F @), M (Fox) — f @)

N

sup

cert (1 +22)'T T e<ae (L4a22)'t e>zo (14 22)' 1"
|M,, (14 12,2)|
< IMy (F) = fllcgo.ug) T 1142 SUPp ———75—

1My (f) = fllcpo,me + I ”2@0 (1 22y

|f ()]
+sup ——=—.
r>x0 (1 + $2)1+a
Obviously, the first term of the above inequality tends to zero, which is evident from

[ (14,2

Theorem 3.1. By Lemma 2.1 for any fixed z9 > 0, it is easily seen that sup e

r>x0
tends to zero as n — oo. Finally, we can choose xy > 0 so large that the last part of above
inequality can be made small enough. O

5. EXAMPLES

Also, the operators M, (f) reduce to following well-known operators in special case as
shown in the following table:

M, (f; ) Kn (2,t,u) an_ Yn(0) m
Baskakov-Durrmeyer 14+t+ux]™ " n 1/n 1
Szasz-Durrmeyer e n(ttuz) n 1/n 0
Generalized Baskakov-Durrmeyer K, (t +ux) n 1/n 1

Other classical sequences of linear positive operators can be obtained with suitable selec-
tion of K,,.
Using the above table, the operators M, (f) reduce to Baskakov-Durrmeyer operators
given in [14]
Bu(fi) = (1= 13 v (@) [ om0 F (1)
k=0 b

where vy, i, (z) = [ and Szasz-Durrmeyer operators given in [13]

n+k—1 xk
( n+k

k 1+z)

Su(fia) =S o (@) [ oo (0011
0

k=0

where p,, () = e " ("]f!)k
Under the assumptions of Theorem 3.1 and Theorem 4.2 we can give following results

for Szasz-Durrmeyer and Baskakov-Durrmeyer operators.

Theorem 5.5. Let f € Cp [0,00) . Then for every x € RT and n large enough, we have

|Bo (fi2) = f ()] < Cw (W(nim (x(lﬂ)mi?ﬁl)) +w<f’&+_2§))

and
1S, (f52) — f (2)] < Cun (f, S (x+1+1>> b (f, 1)
n n n
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where C' is a positive constant which independent of n and f.

Theorem 5.6. If f € C¥, [0, 00). then the inequalities

AR

and
|Sn (f;7) — f

5
2

sup
20 (14 a2)

are satisfied for a sufficiently large n, where K is a constant.

@~ kq (f;\}ﬁ>
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