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Artin symbol of the Kummer fields

DIANA SAVIN

ABSTRACT. Let l and p be odd prime distinct natural numbers, ξ be a primitive root of order l of
unity. It is known that the field extension Q(ξ) ⊂ Q(ξ, l

√
p) is a Galois extension.

In this article we study the Artin symbol in the Galois group G
(

Q(ξ, l
√

p)/Q(ξ)
)

.

1. INTRODUCTION

First, we recall some results we are using here:

Theorem 1.1. ([3]). Let n∈N, n ≥ 2 and Q⊂K be an extension of fields of degree [K :
Q] = n, p be a prime natural number. There exist positive integers ei, i = 1, g such that

pZK =

g
∏

i=1

P ei

i ,

where all Pi, i = 1, g, are prime ideals above p and ZK is the ring of integers of K over Q.

Definition 1.1. ([3]). The integer ei is called the ramification index of p at Pi. The
degree fi of the field extension defined by

fi = [ZK/Pi : Z/pZ]

is called the residual degree of p.

Theorem 1.2. ([3]). We have the following formulas:

N(Pi) = pfi ,

and
g

∑

i=1

eifi = n = [K : Q].

In the case when K/Q is a Galois extension, the result is more specific:

Theorem 1.3. ([3]). Assume that K/Q is a Galois extension. Then, for all Pi, the ramifi-
cation indices ei are equal (say to e), the residual degrees fi are equal as well (say to f) and
efg = n.
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Proposition 1.1. ([5]). Let L/K be a Galois extension and ZK , Zl be the rings of algebraic
integers of the fields K and L.Let P∈Spec(ZK) such that the extension K⊂L is unramified

in P. Let P
′

be a prime ideal in the ring ZL such that P
′

/PZL . Then there exists a unique
automorphism σ∈G(L/K) such that:

σ(x) ≡ xN(P )(modP
′

).

Definition 1.2. ([1]). The element σ of the Proposition 1.1. is denoted
(

L/K

P ′

)

.

If the extension K⊂L is Abelian, then
(

L/K

P ′

)

does not depend on P
′∈Spec(ZL),

but only on P = P
′ ∩ ZK and it is denoted

(

L/K
P

)

Definition 1.3. ([1]). Let K⊂L be a Galois extension of fields, and let P
′

be a maxi-
mal ideal in the ring ZL. The set

ZP ′ =
{

τ ∈ G(L/K)/τ(P
′

) = P
′

}

is a subgroup in G(L/K) and it is called the group of decomposition of P
′

in the
extension K ⊂ L.

Theorem 1.4. ([1]). Let K⊂L be a Galois extension of fields, and let P be a maximal ideal
in the ring ZK .

i) For any P
′∈MaxP (ZL) we have [G(L/K) : ZP ′ ] = gP , where gP is the number of

prime ideals fromZL which divide P.

ii) If K⊂L is a unramified in P and Abelian extension of fields and ZK/P is a finite field,

then
(

L/K

P ′

)

generate the group ZP ′ and |ZP ′ | = fP ′

Proposition 1.2. ([6]). Let l be a prime natural number l ≥ 3 and ξ be a primitive root of
unity of l- th order. A prime natural number p ≥ 3 is a prime in the ring Z [ξ] if and only
if p is generating the group (Z∗

l , ·)
Let l be a odd prime natural number and ξ be a primitive root of unity of order l. Z [ξ]

is the ring of integers of the cyclotomic field Q (ξ).
Let p be a prime natural number, p 6=l, and P be a prime ideal in the ring Z [ξ], P dividing
the ideal generated by p, (p), in the ring Z [ξ].

Proposition 1.3. ([3]). Let α ∈ Z [ξ], α/∈P. There is an integer c, unique modulo l, such

that α
N(P )−1

l ≡ ξc (modP ).

Definition 1.4. ([3]). The root of unity ξc is called the power-character of the num-
ber α with respect to the prime ideal P in the ring Z [ξ] . Following Hilbert([3]), we

denote ξc by
{ α

P

}

.

Proposition 1.4. ([3]). If α, β ∈ Z [ξ], (α), (β) are not divisible with P , then:

{

αβ

P

}

=
{ α

P

}

·
{

β

P

}

.
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Definition 1.5. ([3]). Let α ∈ Z [ξ]. If the congruence xl≡α (modP ) has solutions in
the ring Z [ξ], we say that α is a power-residue of order l with respect to the prime
ideal P .

Proposition 1.5. ([5]). Let P be a prime ideal in the ring Z [ξ], P 6=(1 − ξ), α ∈ Z [ξ],
α being relatively prime with P . Then α is a power-residue of order l with respect to the

ideal P , if and only if
{ α

P

}

= 1

Theorem 1.5. ([3]). Let ξ be a primitive root of l-order, of unity, where l is a prime natural
number. A prime ideal P in the ring Z [ξ], is in the ring of integers in the Kummer field
Q (M ; ξ) (where M = l

√
µ, µ∈Z) in one of the situations:

i) is equal with the l-power of a prime ideal, if
{ µ

P

}

= 0,

ii) it decomposes in l different prime ideals, if
{ µ

P

}

= 1,

iii) is a prime ideal, if
{ µ

P

}

= a root of order l of unity, different from 1.

Proposition 1.6. ([8]). Let A be the ring of integers of the Kummer field Q
(

l
√

p; ξ
)

where
p is a prime natural number, p 6=l and ξ is a primitive root of order l of unity. Let G be
the Galois group of the Kummer field Q

(

l
√

p; ξ
)

over Q (ξ). Then G is an Abelian group
and for anyσ∈G and for any P∈Spec (A), we have σ (P )∈Spec (A).

Proposition 1.7. ([7]). Let p and r be prime integers, p ≡ 1 (mod r) and take ξ a
primitive root of order r of the unity. If Q

(

ξ; r
√

p
)

is the Kummer field with the ring of
integers A, y1 and y2 are integer numbers such that gcd(y1, y2) = 1, p does not divide
y2, m,n∈{0, 1, ..., r − 1}, y2 − y1 is not divisible with r, then,

(y2 − ξm r
√

py1) A and (y2 − ξn r
√

py1) A

are comaximal ideals of A.

2. MAIN RESULTS

Proposition 2.8. Let p, q and l be prime distinct integers, q is generating the group (Z∗

l , ·)
and take ξ a primitive root of order l of the unity. If L = Q

(

ξ; l
√

p
)

is the Kummer field
with the ring of integers A and K = Q (ξ), then:

(

L/K

qZ[ξ]

)

( l
√

p) =

{

p

qZ[ξ]

}

l
√

p.

Proof. Since p and q are prime distinct natural numbers, this implies
{

p

qZ[ξ]

}

6= 0.

The case I: If

{

p

qZ[ξ]

}

= 1
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We know that
L/K

qZ[ξ]
is the trivial automorphism, therefore

(

L/K

qZ[ξ]

)

( l
√

p) = l
√

p =

{

p

qZ[ξ]

}

l
√

p.

The case II: If

{

p

qZ[ξ]

}

6= 1, we obtain that fqZL
= l.

We denote
(

L/K

qZ[ξ]

)

( l
√

p) = ξc l
√

p.

Uging Proposition 1.1. we have:
(

L/K

qZL

)

( l
√

p) ≡ l
√

p
N(qZL)

(modqZL).

But N(qZ[ξ]) = N(qZL),therefore

ξc l
√

p ≡ l
√

p
N(qZ[ξ])

(modqZL).

The last congruence implies that:

l
√

p
(

l
√

p)N(qZ[ξ])−1 − ξc
)

≡ (modqZL).

Since l
√

p∈U(ZL) and P∈Spec(ZL), it results that:

l
√

p
N(qZ[ξ])−1 ≡ ξc(modqZL).

This equality is equivalent with:

l
√

p
ql−1

−1
l ≡ ξc(modqZL).

But l
√

p
ql−1

−1
l − ξc∈Z[ξ] and qZL∩Z[ξ] = qZ[ξ], therefore we obtain:

l
√

p
ql−1

−1
l ≡ ξc(modqZ[ξ]).

According to the Proposition 1.3. and Definion 1.4., we get that

ξc =

{

p

qZ[ξ]

}

.

From the previously proved, we obtain:
(

L/K

qZ[ξ]

)

( l
√

p) =

{

p

qZ[ξ]

}

l
√

p.

�

We give now an application of the above result:
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Proposition 2.9. Let p and l be odd prime distinct natural numbers, l ≡ 1(mod3) ,ǫ be

a primitive root of order 3 of unity, K = Q (ǫ) be the cyclotomic field. Let L = Q
(

ǫ; 3
√

l
)

be the Kummer field with the ring of integers A. If there exist x, y∈N, p does not divide x
such that p = x3 + ly3, then the Artin symbol:

(

L/K

P

)

= 1L,

(∀) P∈Spec(Z[ǫ]), P/pZ[ǫ].

Proof. We know that: pZ[ǫ] = P1...Pr, where Pi∈Spec(Z[ǫ]), i = 1, r, r =
ϕ(3)

ord(Z∗

3 ,·)p
.

We obtain that: if p ≡ 1(mod3) then r = 2;
if p ≡ 2(mod3) then r = 1.
The case I: p ≡ 1(mod3). We obtain that: pZ[ǫ] = P1P2, where P1, P2 ∈Spec(Z[ǫ]).

The equality p = x3 + ly3 is equivalent with:

p = (x +
√

3ly)(x + ǫ
3
√

ly)(x + ǫ2
3
√

ly). (2.1)

Passing to the ideals in the ring A, in the equality (1), we have:

P1A · P2A = (x +
3
√

ly)A(x + ǫ
3
√

ly)A(x + ǫ2
3
√

ly)A. (2.2)

N(P1) = N(P2) = pf , where f is the inertial degree of P1, in the extension of fields
Q ⊂ Q(ǫ).
From the Theorem 1.3., we have that efg = [Q(ǫ) : Q] = 2. But g = 2,e = 1,
therefore f = 1 and N(P1) = N(P2) = p.
Using the Proposition 1.3. and the Definition 1.4., we have:

{

l

Pi

}

≡ l
p−1
3 (modPi),i = 1, 2. (2.3)

But

{

l

Pi

}

∈
{

1, ǫ, ǫ2
}

, i = 1, 2. We can have:

{

l

P1

}

= ǫc1 6= 1,

{

l

P2

}

= ǫc2 6= 1

or
{

l

P1

}

= 1,

{

l

P2

}

= ǫc 6= 1

or
{

l

P1

}

=

{

l

P2

}

= 1.
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If

{

l

P1

}

= ǫc1 6= 1,

{

l

P2

}

= ǫc2 6= 1, using the Theorem 1.5., it results

P1A,P2A∈Spec(A). This implies that the equality (2.2) is impossible. Therefore,

cannot have

{

l

P1

}

= ǫc1 6= 1,

{

l

P2

}

= ǫc2 6= 1.

If

{

l

P1

}

= 1,

{

l

P2

}

= ǫc 6= 1, usind the Theorem 1.5. we obtain that

P1A = P
′

1P
′

2P
′

3, where P
′

i∈Spec(A) and P2A∈Spec(A).

Passing to the ideals in the ring A, in the equality (2.1), we have:

P
′

1P
′

2P
′

3(P2A) = (x +
3
√

ly)A(x + ǫ
3
√

ly)A(x + ǫ2
3
√

ly)A. (2.4)

We know that p does not divide x, l ≡ 1(mod3) and we can prove easily that 3
does not divide x + y, g.c.d.(x, y) = 1. According to the Proposition 1.7., the ideals

(x +
3
√

ly)A, (x + ǫ
3
√

ly)A, (x + ǫ2
3
√

ly)A

are comaximal ideals in pairs.
It is known that the Galois group G(L/K) is a cyclic group and let σ∈G(L/K),

σ:L 7→ L, σ(ǫ) = ǫ, σ( 3
√

l) = ǫ 3
√

l. We consider three cases.

(i) If
(

x + y 3
√

l
)

A∈Spec(A), using the Proposition 1.6., we obtain that

σ
((

x + y
3
√

l
)

A
)

=
(

x + yǫ
3
√

l
)

A ∈ Spec(A)

and

σ2
((

x + y
3
√

l
)

A
)

=
(

x + yǫ2
3
√

l
)

A ∈ Spec(A).

This implies that the equality (2.4) is impossible. Similarly we obtain that the

equality (2.4) is impossible, in the case (ii) (when the ideal σ
((

x + y 3
√

l
)

A
)

is a

product of two distinct prime ideals in the ring A) and in the case (iii) (when the

ideal σ
((

x + y 3
√

l
)

A
)

is the 2-power of a prime ideal in the ring A).

If
{

l
P1

}

=
{

l
P2

}

= 1, using the congruences (2.3) and the fact that

P1,P2∈Spec(Z[ǫ]), we obtain that:

1 ≡ l
p−1
3 (modpZ[ǫ]).

But p, l∈N∗, therefore 1 ≡ l
p−1
3 (modp).

The last congruence is possible because p≡1(mod3).

Since

{

l

P1

}

=

{

l

P2

}

= 1, using the Proposition 2.8., we obtain that:

(

L/K

Pi

)

= 1L, (∀) i = 1, 2

The case II: p ≡ 2(mod3). This implies that the ideal pZ[ǫ]∈Spec(Z[ǫ]).
Similarly with the case I we obtain that N(pZ[ǫ]) = p2.
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Using the Proposition 1.3. and the Definition 1.4., we have:
{

l

pZ[ǫ]

}

≡ l
p2

−1
3 (modpZ[ǫ]).

Since p and l are prime distinct natural numbers, it results that

{

l

pZ[ǫ]

}

6= 0.

If

{

l

pZ[ǫ]

}

= ǫc 6= 1, hence pA∈Spec(A).

Passing to the ideals in the ring A, in the equality (1), we have:

pA = (x +
3
√

ly)A(x + ǫ
3
√

ly)A(x + ǫ2
3
√

ly)A.

The last equality is impossible. Therefore, we cannot have
{

l

pZ[ǫ]

}

= ǫc 6= 1.

If

{

l

pZ[ǫ]

}

= 1 similar with the case I we obtain:

1 ≡ l
p2

−1
3 (modpZ[ǫ]).

But p, l
p2

−1
3 ∈N∗, therefore 1 ≡ l

p2
−1
3 (modp).

From p≡2(mod3) results (p−1)/p2
−1
3 . This implies that the last congruence is true.

{

l

pZ[ǫ]

}

= 1 implies that

(

L/K

pZ[ǫ]

)

= 1L. �
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