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On the convergence of a sequence generated by an
integral

MARCELINA MOCANU AND ADRIAN SANDOVICI

ABSTRACT. Some results concerning the convergence of some sequences generated by integrals
are presented. Immediate applications are also given.

1. INTRODUCTION

The aim of this note is to present some results which give sufficient conditions
for the convergence of some sequences determined by integrals. The following vell
known problem is an example for the applicability of our results.

Problem 1.1. Let f: [0,1] — R a continuous function. Prove that

n—oo

1
: f ")

| —dr = -1n 2.

im /0 T f£(0)-In

We need the following known result, whose proof is included for the completeness.

Lemma 1.1. Let f : [¢,d] — R be a differentiable function with bounded derivative
on [c,d]. There exists a sequence of polynomial functions (Py,),,~, such that

a) Py, — f uniformly on [c,d], that is limy, oo SUPiee,q) [ Pm (1) —f®)|=0;

b) (P,),>1 s a sequence of equally bounded functions on [c,d], that is 3 A > 0
such that gupte[c’d] |P, () < A, Vm > 1.

Proof. Assume that [c,d] = [0, 1]. Let B,, f be the Bernstein polynomial of order
n associated to the function f (see [1, 2])

Baf(a) = YOl (1 =)' (k) .

n

Denote sup,¢jo 17 |f' (¢)| = A. It is known that B, f — f uniformly on [0, 1], for any
continuous function f : [0,1] — R. Moreover, for any differentiable function with
bounded derivative on [0, 1], ((Bnf)"), >, Is a sequence of equally bounded functions
on
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[0,1]. Indeed,

(Buf(@) = SoKC (1= g (k )

S amnetsa-arts (4)
= Z()’f Lk =1 x)n—kf(k>

n

st (4)
k=0

n

R (IO

On the other hand, there exists ¢, € (%, kil) such that:

n

al () -1 (B)] = e (-2 = 1 e

Therefore, for any n > 1
k+1 k
" (5) - ()]
n n

= CF_ 2™ (1—2)" "1 ()]

[(Bnf) (z)] < Ck_ab(1—z)" !

< A Ck abl—a)" " =4 - Ql—a+2)" ' = A
0

>
Il

It follows that we can consider P,,(z) = B,,(x), Vz € [0,1], and in the general case,
P(z) = B (d c),Vxe[cd] 0

2. MAIN RESULTS

Our main results are given in the following three Propositions.

Proposition 2.1. Let f : [¢,d] — R be a continuous function, X\, : [a,b] — [c,d],
n € N a sequence of continuous functions, and let g : [a,b] — R a Riemann
integrable function. Assume that there exists xo € [a,b] such that the sequence
(An (20)),>, converges, and the sequence

b
o, :/ A (&) — An (20)] da,
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converges to 0. Then
b

lim ’ fOn (@) g(x)de=f ( lim A, (a:o)> ~/abg () dx.

n—oo n—oo

Proof. If limy, 00 An (o) is denoted by I, then [ € [¢,d]. Since g is Riemann
integrable it follows that |g| is also Riemann integrable and ¢ is bounded. Denote
M = sup,¢(q ) |9(z)|. Assume that f is a Lipschitz function, namely there exists
L > 0 such that

\f(x)—f(y)\ SL\x—y|,Vz,y€ [C’d]'

We have the following estimates

b b
/ f O (@) - g () da — / £ On (20)) - 9 () d (1)

b
< / 1 O (@) = £ O (20))] - |g ()] de

b

< L/ An (&) = An (0)] - |9 (2)] do

S ML'Oén,

and,
b b
/ £ O (20)) - 9 (&) da — F(1) - / o () do 2)
b
< L~|An<xo>—l|-/ g ()] de

< (b—a)ML- |\ (z0) — 1.

The relations (1) and (2) and the triangle inequality lead to

b b
/f(An(m))-g(ar)dx—f(l)-/ g (@) dx

< ML [ap+ (b—a)- |\, (zo) — 1]

Clearly, the right hand side of (3) converges to 0 when n — oo.

Thus the statement is proved when f is a Lipschitz function. In the general case,
the idea is to approximate the function f with a Lipschitz function, uniformly on
e, d].

Applying the Weierstrass’s uniform approximation theorem (see for instance The-
orem 7.1 from [1], pp. 88-89 or Theorem 2 from [2], pp. 214-216), it follows that
there exists a L(e) — Lipschitz function A : [¢,d] — R such that

|f(z) — h(x)| <&, Va € [c,d].
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It is easily seen that

b b
/f(An(w))-g(w)dfc—/ h (A (2) - g (2) da

< /\g )| dx

b—a)Me,

AN

IN

and,

A\
)

N

< /Ig )| dx

< —a)Me.

From (4), (5) and from the mequahty (3) applied to the function h we get:
b

[ 10w -s@a 0 [ gw

< 2(b—a)Me+ ML(g) - [an + (b—a) - |An (z0) =] .
By hypothesis, there exists N(¢) € N such that

an + (b—a) - A (z0) = I| < ———, Y > N(e).

ML) —
Therefore
b
g@)do~ £) [ g()ds| <.
foralln > N (2(1)_:)]\4“) Thus the proof is completed. O

Remark 2.1. If it is further assumed that the sequence of continuous functions
(An)pen converges almost everywhere on [a, b], then Proposition 2.1 is a consequence
of Lebesgue dominated convergence theorem (see Theorem 4.7. from [1], p. 140).
Moreover, the Riemann integrals from the statement of Proposition 2.1 are equal
with the corresponding Lebesgue integrals.

Proof. Denote lim,,_,oc Ap, () by A(x) whenever this limit exists, i.e. for almost
every = € [a, b], and set A(xg) = limy_,o0 Ap (x0). The Lebesgue integrable functions

EFp(z) = f (A (2)) g (2),
are uniformly bounded on [a, b], since

[Fo(x)] < M- sup [f(y)] < oo,
y€[e,d]
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and
lim Fy(2) = f(A(x)) - g (2) = F(z)

for almost every = € [a, b]. From the dominated convergence theorem it follows that
F is Lebesgue integrable and
b b

lim F, (x)du = / F (x)dp.

—
n—oo a a

Clearly, |An| < 2(d — ¢) on [a,b]. Applying the dominated convergence theorem to
the sequence (A,),, cy it follows that X is a Lebesgue integrable function, and

0= lim @, = lim [An () = A (z0)| dz
X a
= / lim |\, (x) — A, (z0)| dz

= [ A (@) = X(x)| da.

a

This implies A (z) = A (x¢) almost everywhere on [a, b], and
b b
[F@in = [ 1009
b
= | J(A(x0))-g(z)dp

b
= f(A\0))- / g () dp.

Therefore lim,, ., o f: FOn (@) -g(x)de = f(\(xg)) - fabg (x) du. O
Using Remark 2.1 we can give an alternative proof of Proposition 2.1. Indeed,
the assumption lim,, ., @, = 0 shows that the sequence

Hn - [a7b] — R, :U'n(x) = )\n(l') - )\n(xo);

is convergent to zero in L!([a,b]). Then this sequence has a subsequence

(Hny, )keN

which is convergent to zero almost everywhere on [a,b]. According to Remark 2.1,
we get

k—oo n— o0

lim /abf()\n,c () -g(x)dx=f ( lim A, (x0)> -/abg(m) dz.

The claim of Proposition 2.1 will be proved if we check that the sequence
(f:f (A (2)) - g (x) dx) is Cauchy. Let € > 0. Using the same notations as
neN

in the proof of Proposition 2.1, we see that

b b
/ h () g()de — / h (Am(2)) g(z)dz

< ML(e) [on + am + (b= a) [An(20) = A (20) ],




36 Marcelina Mocanu and Adrian Sandovici

whence the sequence ( fab h(An () - g(x) dx) . is Cauchy. Furthermore, using
ne
(4) we get

b
/ £ (n(2)) g(z)d — / £ Qo (@) g()d

b
< ML(g) [an 4+ am + (b —a) [An(zo) — Am(z0)|] + 2(b — a) Me.

Since (A, (z0))nen is a Cauchy sequence and lim,, o, o, = 0, the last inequality

shows that the sequence (f: fOn (@) g(x) dm) . is Cauchy. The proof is now
ne

completed. ([l

Example 2.1. In the following cases it is known that the condition

lim a, =0,

n—oo

holds (with the notations from Proposition 2.1).
1) [ab] = [0,1], An(z) = 2, 2o = 0, (or Mn(z) = (1 — 2)", o = 1),
[e,d] = 10,1];
2) [a,b] = [-1, 1], Au(z) = (1 — 22)™, 20 = 1, [e,d] = [0, 1];
(3) [a,b] = [0,7/2], An(z) = sin” z, 20 = 0, [, d] = [0, 1];

(4) [a,b] =[0,7/2], Ap(x) = cos™ z, o = 7/2, [c,d] = [0,1].

Proposition 2.1 implies then, whenever f is continuous on [¢,d] and ¢ is Riemann
integrable on [a, b]

(1) limy, oo fol f @) -g(z)dx = f(0)- fol g(x)dx ;

(2) limyooe [ F (L —2)) - g(z)dz = f(0)- [, g(z)da;

(3) Timy o ;7% f (sin™ ) - g (x) da = £(0) - [7/% g () da .

(4) Ty oo [y £ (cos™ @) - g (2) do = f(0) - [;/% g () da .

Of course, we can build new examples from the former ones adding to each sequence
of functions (A,)n>1 a convergent sequence of constants (¢, )nen and assuming now
that

[c,d] = |inf ¢, 14+ supey | -
neN neN

A direct application of Proposition 2.1 is the following

Problem 2.1. Let o € (0,1) and I,() := [;'In(1+ x + ... + 2"~ ')dx for every
n > 2. Calculate lim, o Inn()
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Proof: Denote I = [In(1 — z)dz. We have I,,(a) + I = [In(1 — z")dz. We may
0 0

apply Proposition 2.1 for [a,b] = [0,q], [e,d] = [1 — o, 1], Ap(z) =1 — 2™, 29 = 0,
f(z) =Inz for every z € [1 — , 1] and g = 1. Then lim,,_,o (I, () + I) = 0, hence
limy, oo In(a) = =T = a — (o — 1) In(1 — ). O
Proposition 2.2. Let f : [¢,d] — R be a differentiable function with bounded
derivative, g : [a,b] — R a Riemann integrable function which admits a primitive,
()\n)n21, An ¢ [a,b] — [e,d], n € N a sequence of differentiable functions with
integrable derivatives on [a,b]. If there exists a sequence of real, nonzero numbers
(an),>1, such that

b
lim ay, - / I\, (z)] dz = 0,
and there exists | € [c,d] such that
lim a, (A, (a) = 1) =
n—0oo

then
b
lim an/ [ O (@) — £ (D] g(@)dz = 0.

n—oo

Proof. Let G be a primitive of the function g on [a,b]. Next we will prove that
the sequence (A,), -, given by A, := oy, f; [f A (@) — f ()] g(x)dz tends to 0 in
the case when for any n > 1, f'o ), is a Riemann integrable function on [a, b]. Then
(fod) = (f oX) (M) is integrable on [a, b] and

Av = anlf (n () = FD]GO) — an [f (An (@) — £ (1) Gla)
/f M) (2) - Gla)de

Let G be the primitive of g such that G(b) = 0. Then
A, =-B, - C, -G(a),

where
b
:%/fwu»my@ﬂmm
and
Chn = an [f (A (a)) — f(D)].
Clearly,
Bl < s [£O)]- st (G@)]- o / A ()] de
t€le,d] z€Ja,b

Therefore lim,_,o, B, = 0. If A, (a) # [, it follows from Lagrange’s theorem that
there exists &, between A, (a) and [, such that

fFn (@) = fO)=f(&) (Aa(a) —1).
Thus,
[f (@) = F(OI < sup [f'(0)] - [An (@) =1, ¥n > 1,

t€lc,d]
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which together with hypothesis leads to lim,_, ., C;, = 0.

We have proved that if f/ o \,,, n > 1 are Riemann integrable functions on [a, ],
then lim,, .., A, = 0. For the proof of the general case we will use Lemma 1.1. Let
P be a polynomial function. Then

< o |f (A (@) = P (A (2))] - |g(2)] dx
b
Floml- [ [f (1) =P (D] ]g(x)| dx
< 2-faal s (50~ PO [ lotw)lde
tele,d]
From the proof of the particular case it follows that:
[An(P)] < Sup [P'()] - {IG(a)] - |an (An (@) = 1) (7)

€lc

+ sup |G(x)] - |an]- /| }
z€[a,b]

From (6) and (7) we deduce that:

b
[An(f)] < 2'|an|'/ lg(x)|dz - sup [f(t) = P(t)|

t€le,d]

- sup |G(2)] - {|an (A (a) = 1)

te(e,d] z€[a,b]

+ Jon /! ) x>|dx}~

Let P be one of the polynomials P, from Lemma 1.1. Then sup,c. 4 [P'(t)] < A.

We notice that it suffices to study the case when G # 0 and f: lg(z)|dx # 0,
otherwise the statement of the proposition is obvious. Consider € > 0. Then there
exists N (g) such that,

+
w
=i
a'c
“Q

3
lan (hn (a) = )] + ] /y ()] dz < SA- sup [G(x)|.

z€la,b]

Vn > N(g). Therefore, Vn > N(g) and Vm > 1 it follows

b
A, () <2l [ laf@lde- sup (70~ Pul)] + 5. 8)

t€le,d]
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For any n there exists m = m(n) such that

sup |f(t) — Pn(t)| < .
refend] Alan| - [0 1g(x)| da

3

For all n > N(¢), and for m = m(n) the inequality (8) implies
e €
A, —+-==
An (D<ot 5=e
Therefore, for any n > N(g) we have |A, (f)| < e. This completes the proof. [

Problem 2.2. Let f: [0,1] — R be a differentiable function with bounded deriva-
tive, g : [0,1] — R a Riemann integrable function which admits a primitive, and let
P be a polynomial. Then

i In(P(n) [ 1 [f (1“(””)) —f <0>] g(x)dz = 0.

n— o0 n

Proof. The statement is a direct consequence of Proposition 2.2 if we choose
In(1
1=0, A, :[0,1] = [0,1], A\p(z) := w, n € N\ 0 and the sequence (o),
be given by «, := In(P(n)). O
The last result of this note is the following:

Proposition 2.3. Let f : [¢,d] — R be a continuous function , differentiable at
some point yy € [c,d], let g : [a,b] — R be a Riemann integrable function, continuous
at b, with g(b) = 0. Let (An),,>1, An : [a,b] — [c,d], n € N, be a sequence of
continuous functions with \,(a) = yo and A\, (z) # yo for x # a, and let (ay,), >,
be a sequence of real numbers with o, > 0, Vn > 1. Assume that the folowing
conditions are satisfied

(1) lim,_ o ap - ff |An(2) —yo|dz =0, V§ € (a,b);

(2) There exists a positive constant k such that Vé € (a,b) there exists ng s € N
such that the inequality

b
an- [ Plo) = ol de <
5
holds ¥n > ng 5.

Then

n—oo

b
lim / (FOn(@)) — F(0) - g(x)de

b
= o) Jim - [ o) =) - gla)ds =0,
Proof. Consider ¢ : [c,d] — R,

R B R U
f/(yo) Y = Yo
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Notice that ¢ is a continuous function on [¢,d]. We have :
b
- / (FOn (@) — £(30) - 9(a)de =
b
_— / 2 (@) - (n() — 90) - gla)d.

There exists m > 0 such that |p(y)| < m, Yy € [¢,d]. Denote

M = sup g(x).
z€la,b]

Consider € > 0. There exists 6y € (a,b) such that |g(z)| < 55, V& € [do,b].
Consequently, there exists ng s, € N such that for any n > ng s, the relation

b
o [ @hala)) - (o) = ) - 9o 9)
0
b
< oy : lo (An(@)] - [An(2) — Yol - [9(2)| dz
< m.o— ' (@) — yol dz < =
= g O [y 1 TN S
holds. On the other hand, there exists ny € N such that for any n > ny:
do
an [ n(a)) - (o) = o) - g(a)do (10)
do
< an/ lp(An ()] - [An(z) = yol - |9(2)] dz
do €
< m~M'ozn/ [An(2) — yo|dx < 3
Using (9) — (10) it follows that
b
an [ (FOm(o) = ) - gla)da| < 2, Y = max(n.sem).
Therefore the proof is completed. O

Problem 2.3. Let f:[0,1] — R be a continuous function , differentiable at 0, let
g :[0,1] — R be a Riemann integrable function, continuous at 1, with g(1) = 0,
and let (on,),~, be a sequence of positive numbers such that the sequence (O;L—")n>l
is bounded. Then B

n—oo

lim_ay, / (F@a™) - £(0)) - gla)da
= f(0) - lim an/o z" - g(x)dz = 0.

Proof. Clearly, with yo = 0 and A, : [0,1] — [0,1], A, (2) := 2™, n € N\ {0}, the
statement is a direct consequence of Proposition 2.3. ([l
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3. CONCLUSIONS

The results presented in Section 2 can generate a lot of interesting problems. We
list below three problems which are in fact direct applications of Propositions 2.1,
2.2 and 2.3, respectively.

Problem 3.1. Let o € (0,1) and J,(a) := [} In(1 + sina + ... + sin" " 'z)dz for
every n > 2. Calculate lim,_ » J, () .

Problem 3.2. Let f : [0,1] — R be a differentiable function with bounded
derivative, g : [0,1] — R a Riemann integrable function which admits a primitive,
B €(0,1) and let a, b and c three real constants such that

In(1+a+bn+cn?) <n, ¥n >N\ {0}.

Then

i ”B'/Ol [f <ln(1+a$2 +bxn+cn2)) —f(O)} o()dz = 0.

n—oo n

Problem 3.3. Let f:[0,1] — R be a continuous function , differentiable at 0, let
g : [0,1] — R be a Riemann integrable function, continuous at 1, with g(1) = 0,
and let (om,),~, be a sequence of positive numbers such that the sequence (O;L—")n>l
is bounded. B
Then

lim @, /O (f(sin™z) — £(0)) - g(a)dz

n—oo

1
= f'(0)- lim an/ sin"z - g(x)dx = 0.
0

n—oo
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